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Summary

The study presented in this paper is a part of the project &/goal is to build a self-
contained Finite Volume Method (FVM) Fluid-Structure Irgetion (FSI) solver to simulate
dynamic interaction between an incompressible Newtoniad #ind an elastic solid with the
assumption of large structural deformation. The stru¢twmenponent of the FSI solver is de-
scribed and validated. It applies the second-order celired finite volume method for spatial
discretisation of the linear momentum conservation lavhetpdated Lagrangian formulation.
Temporal discretisation is performed by using a fully irofilsecond-order accurate three-time-
level scheme and equations are solved by using a segretgtatil/e algorithm. The solver is
validated on the vibration of a three-dimensional (3-D)tdevered elastic beam and used to
simulate the dynamic response of an axial turbine blads.dhown that an accurate and stable
numerical solution can be obtained over a long time periadamisient simulation.

Key words: elastic body, dynamic response, large defownattell-centred finite
volume method, updated Lagrangian formulation

1. Introduction

Most Fluid-Structure Interaction (FSI) simulations todiayolve a combination of solvers, usu-
ally with a finite-volume (FV) solver for the fluid flow, a fintelement (FE) solver for the
structural analysis and a third code for coupling, datarpgiation and simulation manage-
ment. This approach imposes limitations on the mode of ¢oggind creates problems in the
model setup. Endeavours to overcome this drawback have ki tdevelopment of computa-
tional techniques that facilitate the FSI modelling emyirgithin the context of FE [1, 2] or FV
[3, 4, 5] methods.

The solution procedure for dynamic FSI problems requiresray other things, a struc-
tural dynamic solution procedure which will provide an aata and stable result over long
transient simulations. The solution to structural dynaprablems using FE methods is well
established [6]. However, the number of papers on FV methpg$ied to such problems is
still limited [7, 8], especially when large deformationg aonsidered. This paper aims at con-
tributing to the development of FV techniques in three disi@ns for the solution to structural
dynamic problems with large deformations, used in the cdrmtethe time-and-space-accurate
dynamic FVM FSI procedure.

The rest of this paper is organised as follows. Section Zgwdescription of a mathemat-
ical model governing the dynamic behaviour of a compresslastic body with the assumption
of high deformations. The finite volume discretisation & tfoverning equation and the solu-
tion procedure is presented in Section 3. In Section 4, thesis tested on a simple case with
known solution, and then a simulation of a vibrating axiabtne blade is presented. Section 5
gives a short conclusion.
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2. Mathematical formulation

The motion of an isothermal continuum in an arbitrary voluméounded by a surfacé is
governed by the conservation laws for mass and linear mament

% pdV + %n.p(v —v,) dS =0, (1)
v S

d

w7 dVv +j4n.p(v —vy)vdS = j{n.c ds + /pfb dv, (2)
v s S 1%

wherep is the continuum density) is the outward pointing unit normal to the surfagev is
the velocity of the continuum, is the velocity of the surfacg, o is the Cauchy stress tensor
andf;, is the resulting body force. The relationship between theofichange of the volumg
and the velocity, is defined by the so callespace conservation la¢8CL) [9]:

d
a/dV—%n.vs dsS =0. (3)
v S

In this study, the structure is assumed to be elastic anldasmial. The dynamic behaviour
of such a continuum is usually described by considering thrdyinear momentum conservation
law in Lagrangian formulation:

% pv dV:j{n.G dS+/pfb dv. 4)

\4 S \4

The conservation law (4) can be written with respect to thigai(undeformed) configuration
as

ov
n dVp = /110- (ZF") dsS, + /Pofb dVo, (5)

VO SO VO
where the subscriptsrepresent the quantities related to the initial configorgtii is the dis-
placement vector is the velocity vectorF is the deformation gradient tensor defined as
F=1+(Vu)', (6)
andz is the second Piola-Kirchhoff stress tensor, which is egldb the Cauchy stress tensor
by the following expression:

B 1
" detF

The displacement vectarrelates the position of the material particle in the initiahfiguration
r, to the position of the material particle in the current comfagionr,

o F.Z.FT, (7)

u=r-—ryp. (8)

Equation (5) represents the total Lagrangian descriptidheolinear momentum conser-
vation law. The incremental form of this equation can betenitas

/ poag—tv dv, = / nge (0ZF" + ZOFT 4 05.0F") dS, + / podf, dV, (9)

Vo So Vo
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wheredu is the displacement vector increment; is the velocity vector incrementF =
(Véu)T is the deformation gradient tensor incremeik,is the second Piola-Kirchhoff stress
tensor increment, ardandF are respectively the second Piola-Kirchhoff stress teasdrthe
deformation gradient tensor at the beginning of the curtier# increment.

In the case of the updated Lagrangian formulation used sdhidy, the last calculated
configuration is always used as the reference configuratlence, the incremental form of the
linear momentum conservation law in the updated Lagranfgiemulation follows from Eqn.
(9) by introducing the identit§ = I:

/ 22V v, = / Dy (32, + 2,008 T 4 02,.087) dS, + / pudty AV, (10)
Va S Vu

where the subscriptsrepresent quantities related to the updated configuraitiar updating
the configuration, the accumulated second Piola-Kirchbtréissz, + 62, also needs to be
transformed for the new configuration. This tensorial tfamsation is identical to the trans-
formation of the second Piola-Kirchoff stress tensor ime Cauchy stress tensor for the time
increment prior to the configuration update.

In this study, the constitutive equation for a St. VenanteKhoff material is used as the
relation between the second Piola-Kirchhoff stress teasdrthe Green-Lagrangian strain ten-
sor:

S = 2uE + Mr(E) 1, (11)

wherey, and )\ are the Lamé’s coefficients artlis the Green-Lagrangian strain tensor defined
as

1
E=3 [Vu+ (Vu)" + Vu.(Vu)']. (12)
The incremental counterpart of the constitutive equatidr) (eads:
0Z = 2u0E + A tr (0E) I, (13)

wheredE is the increment of the Green-Lagrangian strain tensortfertdtal Lagrangian de-
scription:

1
0B =3 [Véu+ (Véu)" + Véu.(Vu)" + Vue(Vou)" + Véu.(Vou)'] . (14)

The increment of the Green-Lagrangian strain tensor fouufiaated Lagrangian description
follows from Eqn. (14) by introducing the identifju = 0:

OE, = % [Véu+ (Vou)" + Véu.(Vou)'] . (15)

When Eqgn. (15) is substituted into Egn. (13), one obtainsfitied form of the incremental
constitutive relation for the updated Lagrangian desienipt

1
6%, = p [Véu+ (Vou)"] + Mr(du) I+ p Viu.(Vou)" + A (VourVou)I. - (16)

Introducing constitutive equation (16) into Eqn. (10), aidains the linear momentum
conservation equation for an elastic solid in the updategtdragian description, with the dis-
placement vector incremetit as the primitive variable:

dov
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where

q=pu(Vou)" + Mtr(6u)I — (u+ \)Viu

18
+ uVou.(Vou)" + %)\ (VousVou)I + 5,.0FT + 65,.6F7. (18)

Tensorq consists of nonlinear and coupling terms which are treatpticgtly after the discreti-
sation so that the discretised equation can be solved by asegregated algorithm. According
to Jasak and Weller [10], the efficiency of the segregateatisol procedure can be improved
by using the diffusivity 2. + A) in the Laplacian at the left-hand side of Eqn. (17).

The specification of the problem is completed with the de@inibf the domain in space
and time and the initial and boundary conditions. The ihgandition consists of the specified
distribution oféu anddv at time zero. The boundary conditions, either constantie tiarying,
can be of the following type: fixed displacement incremetang of symmetry, fixed pressure
increment, fixed traction increment and free surface.

The fixed pressure increment and the fixed traction increfbeunhdary conditions are
implemented as a fixed normal derivative Neumann boundangition on the displacement
increment. The normal derivative of the displacement imenet is calculated from the specified
traction and pressure increment as follows. dtedndjp be the traction and pressure increment
related to the current configuration, then

n,.02, = | (0t — dpn) a5

Y — 1,2, 0F) | J(F T, (19)

u

whereF', is the deformation gradient tensor with respect to the wgztlednfiguration:
F,=1+0F, =1+ (Vou)". (20)

By introducing Eqgn. (16) into Eqn. (19), the normal derivatof the displacement increment at
the boundaries with specified traction and pressure inaneoas be expressed in the following
way:

n,.Viu = {(51} —dpn) c(lii - nu.Zu.(SFﬂ (FHT/(2u+ N
— e [p(Vou)" + At (0u) I — (p+ \)Vou] /(2u+ A) (21)

—ng. [u Voue(Véu)t + %A (VousVéu) 1] J(2p+ N).

3. Finitevolume discretisation and solution procedure

The finite volume (FV) discretisation is based on the intefgnan of the conservation equation
over a fixed or moving control volume (CV). The discretisatwocedure is divided in into two
parts: discretisation of the computational domain and egaliscretisation.

3.1. Discretisation of the computational domain

The discretisation of the computational domain consiste®ftliscretisation of the time interval
and the discretisation of space. The time interval is spti & finite number of time-steps

and the equations are solved in a time-marching manner. ii$teuctured FVM discretises the
computational space by splitting it into a finite number ofwex polyhedral cells bounded by
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Fig. 1 Polyhedral control volume (cell)

convex polygons. The cells do not overlap and fill the spaceptetely. Fig. 1 shows a sample
cell around the computational poiftlocated in its centroid, the facg the face are@/, the
face unit normal vecton; and the centroidV of the neighbouring CV sharing the fage

In this study, the dynamic behaviour of the structure is dbed by the linear momentum
conservation law (17) written in the incremental updatedrhagian formulation. Therefore,
the computational mesh must be moved at the beginning of eaehstep by using the dis-
placement increment vector obtained in the previous tiree. 3t the applied cell-centred finite
volume method the unknown displacement increment is catiedlat the control volume centre.
In order to move the mesh, the displacement increment muisitégolated from the control
volume centres to the control volume points [11]. This iselbg using the following weighted
averaging interpolation:

Zc: Wpe [6ue + (r, —1r.)e(Vou), + 3(r, — r.)*s (VVou).]

22
> Wpe ’ (2)

ou, =

wheredu, is the point displacement increment, is the cell centre displacement increment
and the summation is executed over all cells sharing thet poiithe weighting factoww,. is
defined as

1

‘rp —r|

, (23)

wpc —

wherer, is the cell centre position vector anglis the point position vector.

3.2. Equation discretisation

The second-order FV discretisation of an integral congemaquation transforms the surface
integrals into sums of face integrals and approximates taeththe volume integrals to the
second order accuracy by using the mid-point rule. The albatiscretised form of Eqn. (17)
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for the updated control volumiéy,, reads:

0ov
PPuVPu atP > (2up 4 Ap) np(Vou) 1Sy,
! (24)

- anu'qf Sfu + Zpu(afb)PVPua
f f

where the subscript8 and f represent the cell and face values. The face values of atiamt
variables are calculated by linear interpolation of theghbburing cell values.

The face normal derivative of the displacement increment (Vou), is discretised as
follows (see [12, 13]):

|d

Orthogonal contribution

nfu.(V5u)f = |Afu| + (Ilfu — Afu).(Véu)fJ, (25)

P
Non-orthogonal correction

whereA; = while
the non-orthogonal correction is explicit.

The cell gradient of the displacement increment vector dsedhe calculation of the
tensorq and the non-orthogonal correction, is obtained by usinddgast-squares fit [14]. This
method produces a second-order accurate gradient irtespetthe mesh quality [11].

The temporal discretisation of Eqn. (24) is performed bygswo implicit schemes: the
first-order accurate Euler scheme and the second-orderadedhree time level scheme [15]
referred to as the backward scheme. In both schemes, al tdrBqn. (24) are evaluated at the
new time instancé” = t° + jt, and the velocity incremenmtv and its temporal derivative are
discretised by using one old-time level in the Euler scheme:

SVh = @, (26)

(86;;13)" _ Ovp 5—t (5V});7 27)
and two old-time levels in the backward scheme:

Sy = 3oup — 42551;% + 5u%°7 (28)

(858\;13) _ 30vp — 4255\;% + 5v1%07 (29)

wheredvy = dvp(t° + dt), 0vyp = ovp(t®) andovy = dvp(t° — ot).

When Eqgs. (25, 28 and 29) are substituted into Eqn. (24) ulhediscretised form of the
linear momentum conservation law (17) can be written in tdmnfof linear algebraic equation,
which for cell P reads:

ap 511?4‘2&]\[ 5117]{/ =TIp, (30)
N

where the diagonal coefficiemtp, the neighbour coefficieniy and the source termp are
defined for the backward scheme by the following expressions

gpPuVPU n n fu|

6 TRANSACTION OF FAMENA XXX-1 (2007)



Updated Lagrangian Finite Volume Solver for Large Z. Tukovi¢, H. Jasak
Deformation Dynamic Response of Elastic Body

Apy
ay = -y _(2u}+ A;)%Sﬂ“ (32)
f u

30uy  30uy 20v% Ovy
= 00 Vi P P P P
TN Ppalr < 52 4siz ot 20

+ > 2y + A — Ap)(Vu)FS, (33)
i

+ Z nfu.q}‘ Sfu + Z ppu(éfb)?g‘/pu
I f

3.3. Solution procedure

Equation (30) is assembled for all CVs in the computationasim resulting in the following
system of linear algebraic equations:

[Ale{ou} = {r}, (34)

where[A4] is the sparse matrix, with coefficienig on the diagonal and, off the diagonal,
{du} is the vector consisting of displacement incremenis for all CVs and{r} is the right-
hand side vector consisting of source tetimdor all CVs.

The system of equations (34) is solved by using a segregigedtam, where the three
components of the displacement vector increment are sekearately from each other. Since
nonlinear and coupling terms depending on the unknown aligphent vector increment are
placed in the right-hand side vector, the system is solveatienterative manner where, each
outer iteration the right hand-side vectar} is updated at the beginning of each outer iteration
by using the displacement vector increment from the previteration. When the solution
changes less than some pre-defined tolerance, the systemsisiered to be solved. This is
done for every time-step of the transient simulation.

The matrix|A] from Eqn. (34) is symmetric and diagonally dominant and tiveespond-
ing system of equations is solved by using the Incompletde3ky Conjugate Gradient iter-
ative solver (ICCG) [16]. There is no need to solve the systera fine tolerance since the
right-hand side vector is only an approximation based ondibplacement vector increment
from the previous iteration.

At the end of each time step, the total displacement vectdrthe total second Piola-
Kirchhoff stress tensor are updated as follows:

u"” =u’+ ou”, (35)

S =50 4 537 (36)

where the second Piola-Kirchhoff stress tensor incremigptis calculated according to Eqn.
(16) by using the newly calculated displacement vectoreamantou”. When the mesh is
moved at the beginning of the new time step by using the disph&nt increment from the pre-
vious time step, the second Piola-Kirchhoff stress tensated to the old updated configuration
must be transformed to the new updated configuration:

1
30 = Fo.2°.(F°)T. 37
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3.4. Implementation of the solver

The above described computational structural dynamic (G®ver is implemented in Open-
FOAM [17, 18]. OpenFOAM is an Open Source object-oriented Abrary for numerical
simulations in continuum mechanics, which implements thigess by mimicking the gov-
erning equations in software. Figure 2 shows a part of theceocode of the CSD solver
implementation.

for (runTime++; !runTine.end(); runTine++)

{
Info<< "Tinme = " << runTine.tinmeName() << nl << endl;
# i ncl ude "noveMesh. H'
sigma = (F & sigm & F.T())/det (F);
int iCorr = 0;
do
{
fvVect or Mat ri x DUEQn
(
rhoxfvm : d2dt 2( DU)
== fvm:laplacian(2+xnmu + | anbda, DU)
- fvc::laplacian(nu + | anbda, DU)
+ fvec::div
(
mux gr adDU. T()
+ lanbda* (1 *tr(gradDU))
+ nmux(gradbDU & gradDU. T())
+ 0. 5+ anbdax (gradDU && gradDU) * |
+ (sigma + Dsigma) & DF. T()
)
)
sol ver Perf = DUEgn. sol ve();
gradbDU = fvc::grad(DU);
DF = gradDuU. T();
Depsilon = sym{gradDU) + 0.5*(gradbDU & gradDU. T());
Dsi gma = 2xnuxDepsilon + |*(l anbdaxtr (Depsilon));
}
whil e
(
solverPerf.initial Residual () > convergenceTol erance
&& ++i Corr < nCorr
)
F =1 + DF
U += DU,
sigma += Dsi gng;
}

Fig. 2 Implementation of the CSD solver in OpenFOAM.
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4. Test cases

The methodology is first tested on the case of the large amalglitibration of a 3-D cantilevered
beam for which an exact solution for beam deflection exist® dynamic response of an axial
turbine blade discretised by using an unstructured meshigated in the second case.

4.1. Large amplitude vibration of a 3-D cantilevered beam

In this test case, the large amplitude flexural vibration 8t@ cantilevered beam (Fig. 3) is
analysed. The densifyand Young’s modulus of elasticitif are selected to obtain the beam
first natural frequency equal t§ = 1 Hz. The beam is constrained at one end & 0) and
subjected to a suddenly applied traction fotcd the other end. The rest of the beam boundary
is traction free. The volume of the beam is discretised bysthéctured computational mesh
consisting of hexahedral control volumes (CV).

p =1000 =&

E =15.293 x 105 =

v=20.3
f1 =1Hz
A = 0.04 m?

I =0.0001333 m*

75 0)

t:( 2)%)

J=

Fig. 3 Geometry, physical properties and loading of the 3-D beaheraA is the beam cross-section
area,/ is the area moment of inertia about the neutral axis,amsthe Poisson’s ratio.

First, the static equilibrium shape of the beam is calcdldte several traction force
magnitudes. The calculation is performed by using a tramselution procedure with the
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Euler temporal discretisation. In order to efficiently abténe stationary solution by using the
transient solution procedure, the damping term of the form
K dou dV, (38)
v, Ot

is added to the left-hand side of momentum equation (17)reviRes the damping coefficient.
When a steady state is reached, the influence of the dampmgémishes.

Fig. 4 shows the calculated static equilibrium shape of thenb for different loading
magnitudes represented by the dimensionless tractioa forc

Jt|AL?
~ EI

The surface of the beam is coloured by the equivalent Cauchyss Table 1 shows a compari-
son of the calculated deflection of the point M (see Fig. 3),

dy = y/u, + 1y, (40)

with the exact deflectiod,,, calculated by Mattiasson [19] using the numerical evatuatif
elliptic integrals. In order to determine the spatial aecyrof the method, the calculation is
done for two different resolutions of the computational mesx 6 x 60 and10 x 10 x 100
CVs. Only for an extreme beam deformation the accuracy ssthesn the second order.

f

(39)

Table 1 Steady state numerical solution and its accuracy, whkeisethe relative error

F dua drrezeo  Eezeo dai0z100  Frozioo  Accuracy

0.2 0.13272 0.1255 5.44% 0.1309 1.37% 2.68
0.4 0.26196 0.2481 5.29% 0.2581 1.47% 2.50
0.8 0.49890 0.4797 3.85% 0.4909 1.60% 1.71
1.6 0.85882 0.8290 3.47% 0.8507 0.95% 1.50

In the second phase, the dynamic response of the beam to ardydgbplied traction
force is calculated. As no damping effect exists in the abergd elastic system, one would
expect an undamped vibration of the beam about its statitiegum. The damping effect may
occur only as a consequence of the numerical dissipatioodated by the applied numerical
methodology.

The transient simulation is performed on the computatiomegh with the resolution of
6 x 6 x 60 and with the time step siZe002 s corresponding to a maximum wave speed Courant
numberCo of 6, whereCo = ¢(At/As), As is the minimum cell dimension, and= /E/p
is the unconfined solid wave speed.

Figures 5 and 6 show the calculated deflectignof the pointM as a function of time
obtained by using the Euler and backward temporal disatétis scheme for various loadings.
One can note that both schemes predict vibration frequdoeg ¢o the first natural frequency
of the beam. Also as expected, the frequency increasesheitmbplitude of the vibrations. The
predicted mean deflection of the point M is in accordance thighstatic deflection calculated in
the first phase. The vibration amplitude decays signifigamith time when the Euler temporal
discretisation scheme is used. When the temporal disatietisis performed with the second
order accurate backward scheme, the amplitude of vibragiorains constant with time. The
stability of the calculation is preserved over a long timeiqgue the simulation is performed
without a break over a time period o0 s, which is prerequisite for an FSI simulation.
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0.000e+00 0.000e+00
VA VA
Y Y
X X
(@) F =02 (b) F =04
Seq Seq
7.128e+05 1.377e+06
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Fig. 4 Steady state shape of the beam for different loading meadgstu
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Fig. 5 Deflection history of the beam tip for Euler temporal disis@ion.

0.2
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I
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Fig. 6 Deflection history of the beam tip for backward temporal ditisation.
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4.2. Dynamic response of an axial turbine blade

In order to show the performance of the CSD solver on a reaheegng problem, the dynamic
response of a twisted axial turbine blade is simulated. Ta@ebof0.8 m in height is made by
the extrusion of an aerodynamically optimised profile [20).@ m cord, Fig. 7. The twist angle
of the blade ist0° over the blade height. Mechanical properties of the bladeenah are the
same as of the 3-D beam. The blade is constrained at onéand ( at = = 0) and subjected
to a suddenly applied traction foree= (1500, 1500, 0) Pa at the other endz( = 0.8). The
rest of the blade boundary is traction free. The unstrudtoresh consists aGf0000 hexahedral
cells.

Fig. 7 Geometry and computational mesh for the axial turbine blade

As in the previous test case, we first compute the static ieguin shape of the blade,
which is shown in Fig. 8, where the blade surface is colousethb equivalent Cauchy stress.
Results of the dynamic response of the blade are shown inOFg. a temporal variation of
the displacement vector components of the point at the tajpeblade leading edge. The
backward temporal discretisation scheme with the timeaité@0001 s is used for the transient
calculation. The complete simulation consistd 52700 time steps and has been performed in
200 h on an Intel Pentium 4 CPP.8 GHz machine.

Seq
3.805e+05
2.854e+05

\q,x ' 1.902¢+05

9.512¢+04
0.000e+00

Fig. 8 Steady state shape of the axial turbine blade.

5. Conclusion

This paper presents the numerical methodology for the tzlon of a large deformation dy-
namic response of an elastic body. The linear momentum oeatg®n law in the updated
Lagrangian formulation is discretised in space by usingsinend order accurate finite vol-
ume method and in time by using the first order accurate Eglegrae and the second order
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Fig. 9 Displacement vector components of the point at the top oblage leading edge as a function of
time.

accurate backward scheme. The system of linearised andipledoalgebraic equations for
displacement increment is solved by using the segregatetisoprocedure.

The methodology is first validated on the calculation of ttegis shape of a 3-D can-
tilevered beam loaded at the free end. The predicted deifteofithe beam is in good agree-
ment with the exact solution. Numerical results of the be#mation simulation show a good
performance of the solver in respect to the frequency anditude prediction. Simulation
of the dynamic response of an axial turbine twisted bladevshbat the solver can be used
for a structural dynamic simulation of a complex elasticyddcretised with an unstructured
computational mesh. Hence, the CSD solver described irp#psr can be used as part of the
self-contained FVM FSI solver for the FSI simulation witinga structural deformations.
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