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Abstract

Thispaperpresentsthecouplingalgorithmfor contactstressproblemsof lin-
earelasticsolidsusingtheFinite VolumeMethod. Themethodappliessecond-
orderaccuratediscretisationandunstructuredmeshesin asegregatedframework
with explicit updateof the contactcondition,which allows for geometricflexi-
bility andefficient treatmentof non-linearity. Specialattentionis given to con-
tact detectionandinterpolationalgorithmson arbitrarypolygonalpatches.The
methodis testedon a2-D contactproblemof acurvedandaplanarsurface.

1 Intr oduction

The driving force behindthe developmentof segregatedFinite Volume (FV) stress
analysisalgorithmsis the potential for dealingwith non-linearproblemswith only
a marginal increasein computationalcost. This classof algorithmsoriginatesfrom
ComputationalFluid Dynamics(CFD) and hasseveral characteristicsnot typically
associatedwith themorepopularFiniteElement(FE) algorithms.Thekey featuresof
the solutionmethoddescribedherearesimilar to the well-establishedfluid-flow FV
solvers.

� Thecomputationaldomainis discretisedin anarbitrarily unstructuredmanner,
wheretheControlVolumes(CV) canbearbitrarypolyhedrain 3-D. The“shape
function” usedin equationdiscretisationis independentof theshapeof theCV
anddoesnot needto be known in advance,providing high flexibility in mesh
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generation. The vector propertiesare definedin the global Cartesiancoordi-
natesystemandthesolutionpointsarelocatedin thecentroidsof thepolyhedra
(colocatedvariablearrangement).

� The equationsarediscretisedin the integral form over the CV andsolved in a
segregatedmanner, whereeachcomponentof a vector and/orany additional
transportequationsare solved sequentiallyand the cross-couplingis lagged.
Discretisationis second-orderaccuratein space,which is achievedby prescrib-
ing a linearvariationof thevariableacrosstheCV andcreatessparsediagonally
dominantmatriceswhich are largely identicalbetweenthe componentsof the
displacementvector.

� Equationsegregationallowsusto usememory-efficientiterativesolversandpar-
tial convergence.Theintermediatesolutionis usedto updatethecross-coupling
terms,aswell asany non-linearinteraction. The problemis solved whenthe
residualon all equationsdropsbelow aprescribedlevel.

As a consequenceof equationsegregation,evena linearmodel,suchasthat for a
linearelasticsolid, is effectively “non-linearised”within thesolutionprocedure.Pre-
viousstudies[1–3] show thata combinationof smallermatrices,iterativesolversand
partial convergencesufficiently compensatesfor this effect. Theadvantageof segre-
gationbecomesobvious whenthe problemunderconsiderationbecomesnon-linear,
asis thecasehere:linearisationandexplicit updatesnaturallyslot into thealgorithm,
which is mostdefinitelynot thecasefor linearblock solverstypically encounteredin
theFiniteElementMethod(FEM).

This paperdescribesthesolutionmethodfor contactproblemsin linearelasticity
asthesimplestexampleof non-linearityintroducedthroughboundaryconditions.As
thebasiclinear elasticsolver hasbeendescribedelsewhere[3], we shall concentrate
on problemsassociatedwith contactboundaries.Theobjective of this studyis to lay
a foundationfor the FV contactstresssolver, which will subsequentlybe extended
to includeothernon-linearphenomena:largedeformationsandmoving meshes,non-
linear constitutive laws andcrackpropagation.The useof unstructuredmeshesand
consistency with therestof thesetupis paramount– in somecases,simplerpractices
may exist, but precedenceis given to moregeneral,albeit lessaccuratealgorithms,
whichfit into theunstructuredmeshframework.

Therestof thepaperis organisedasfollows: Section2 summarisesthemathemat-
ical model,equationsegregationandboundaryconditions,which is followed by the
descriptionof the contactboundarytreatmentin Section3. Our main concernis the
accuratedetectionof contactareabetweentwo polygonalsurfacesandanappropriate
interpolationprocedure.Thealgorithmis testedonasimple2-D testcasein Section4
andthepaperis closedwith a shortsummary.
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2 Summary of Governing Equations

Thesteady-stateforcebalancefor asolid bodyelementin its differentialform states:

� ∇� σ � ρf � (1)

whereρ is thedensity, f is thebodyforceandσ is thestresstensor. Thestraintensorε
is definedin termsof thedisplacementvectoru:

ε � 1
2

∇u
�	� ∇u 
 T (2)

andtheHooke’s law is usedto closethesystem:

σ � 2µε � λ tr
� ε 
 I � (3)

Here,I is theunit tensorandµandλ aretheLamé’scoefficients,relatingto theYoung’s
modulusof elasticityE andthePoisson’s ratio ν as:

µ � E
2
�
1
� ν 
 � λ �

νE�
1
 ν � � 1� ν � planestress

νE�
1
 ν � � 1� 2ν � planestrainand3-D.

(4)

For convenience,thegoverningequationis rewrittenwith u astheprimitivevariable:

� ∇��� µ∇u
�

µ
� ∇u 
 T � � ∇ � λ∇� u 
�� ρf � (5)

Efficientsegregateddiscretisation[3] is achievedby decomposingEqn.(5) into maxi-
mumimplicit couplingandpurerotation,which is lagged:

� ∇��� � 2µ
� λ 
 ∇u �

implicit

� ∇��� µ � ∇u 
 T � �
µ
� λ 
 ∇u

� λI tr
� ∇u 
 �

explicit

� ρf � (6)

Boundaryconditionsusedin this studycanbeclassifiedasfollows:

1. Fixeddisplacementboundaries,whereall componentsof u arespecified,

2. Tractionboundaries,wherethe surfacetraction t � n̂� σ is given. This canin-
cludethespecificationof boththepressurep andatangentialforce(eg. friction);
a specialcaseof this conditionis a free surface(t � 0). In numericalterms,a
tractionboundaryspecifiesafixedgradientonu:

n̂� ∇u � t � n̂��� µ � ∇u 
 T � �
µ
� λ 
 ∇u � � n̂λ∇� u

2µ
� λ

� (7)

wheren̂ is theoutward-pointingunit normal.

3. Planesof symmetryarediscretisedby imagininga “ghost” CV next to thesym-
metryplaneasamirror imageof thesolutioninside.
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4. A contactsurfacerepresentsa specialtype of boundarycondition,wheretwo
situationscanoccur. In theregion of contact,thenormalcomponentof traction
is transferredandthe relative displacementis adjustedto reflectthe force bal-
ance;for non-zerofriction, the additionalfriction force is calculatedfrom the
relativemotionof thetwo sidesandthecontactpressure.Outsideof contact,the
boundaryis treatedasa freesurface.

3 Treatmentof Contact Boundaries

The complexity of the contactboundarytreatmentis two-fold. Firstly, the boundary
conditionon the contactsurfaceis a combinationof the Dirichlet condition for the
normalcomponentof u andthefixedgradientconditionfor thetangentialcomponent
in contact,anda fixed gradientconditionoutsideof contact.Secondly, theextent of
thecontactis not givenandrepresentsa partof thesolution: it is calculatedfrom the
relativedisplacementwhich in turndependsontheforcebalance.Thenon-linearityof
thesystemis causedby the fact that theboundaryconditiondependson thesolution
itself.

Mixed fixed value – fixed gradientconditionsare not unusualin the FVM and
their implementationposesno major problems. The only curiosity hereis the fact
that the split is basedon the local normalandfurther complicatedby the possibility
of partialcontact.This “direction-mixed” boundaryconditionis thereforespecifiedin
threeparts:the“boundaryvalue”,thenormalcomponentof whichis prescribedfor the
contactpart,the“boundarygradient”,specifyingthegradientconditionandthe“value
fraction”, indicatingwhich partof thesurfaceis in contact.

Thecasesetupfor acontactproblemspecifiesthepairof potentialcontactsurfaces.
Numericalstability is achieved by prescribingthe direction-mixed conditionon one
sideand the fixed gradientconditionon the other; the two boundaryconditionsare
updatedin unison.

Typically, the iterative procedurecausesthe two sidesto overlap, triggering the
boundaryconditionupdate.Thereremainsto beestablishedwhich partof thesurface
overlaps,basedon the geometryandthe currentdisplacementfield. In the simplest
case,thenumberof faceson both surfacesis identicalandthecontactareacouldbe
calculatedfrom the relative displacementand the initial distance.This is, however,
unsatisfactoryfor two reasons:it imposesa strict limitation on meshgenerationand
returnsa binary result, i.e. a partial contactof two facescannotbedetected.We are
thereforeforcedto adopta moregeneralapproach.

Considera pair of surfacesin partialcontact,Fig. 1. In thefirst phase,an“equiva-
lent” point is foundfor eachvertex of sideA, eg. P andQ. Thedot-productof PQand
thelocalnormalnP givestheindicationandcontactdistancefor everyvertex of A.

Assemblyof equivalentpoint pairscanbe donein several ways, the simplestof
which is normal projection,Fig. 1. In order to improve the monotonicityof inter-
polationfor curved surfaceswith variablegaps,the implementedmethodconstructs
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Figure1: Surfacesin contact.
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Figure2: Contactsphere.
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Figure3: Polygonalareain contact.

the sphereof minimum radiuswhich passesthroughP andis tangentialto both sur-
faces,Fig. 2. For a point P, theunit normaln1 andtheoppositesurfacedefinedby an
arbitrarypoint Randunit normaln2, theradiusof thesphereis givenas:

r � g� n̂2

n̂1� n̂2
� 1

� (8)

whereg � PR. Theequivalentpoint on theoppositesurfaceis:

Q � P
�

r
�
n̂1 � n̂2 
�� (9)

Negative r denotesoverlappingsurfaces.
It finally remainsto determinethe contactareafor a generalpolygon,given the

surfacegapin all its vertices,Fig. 3. Thecontactareafraction is thearearatio of the
“contactpolygon” (shaded)andthecompleteface.If all thegapsareof thesamesign,
no further calculationis necessary. For partial contact,a sub-polygonis constructed
fromall verticeswith negativegapvaluesandedgeintersectionswherethegapchanges
thesignalongtheedge,eg. G in Fig.3. Thesurfaceareaof bothpolygonsis calculated
usingtriangulardecomposition.

Theremainingproblemis thetransferof face-baseddatabetweenthepatches.For
generality, we shall usea two-stepinversedistanceweighting,wherethedatais first
interpolatedinto the verticesof the masterpatch,thentransferredvia the equivalent
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point pairsontotheslavevertices,wherethefacevaluesarereassembled.Theareain
contactis calculatedseparatelyfor eachdirection. Although this practicepotentially
introducesaninconsistency in contactarea,it is moregeneralandthelevelof distortion
is acceptable,aswill beillustratedbelow.

4 Numerical Example

The numericalexamplerepresentsthecontactof a cylindrical segmentwith a plane,
schematicallyshown in Fig. 4.

 ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " !  ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! " ! #!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!##!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!##!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!##!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!##!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!##!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#"#!#
fixed traction

no−friction support  surface

contact pair

Figure4: Cylindrical contactsurfacetestsetup.

A smalldomainhasbeenchosendeliberatelyto capturetheeffectsof finite dimen-
sions;a comparisonwith theanalyticalsolutionfor a largerdomainwill bepresented
elsewhere. Calculationsareperformedusing the Field OperationandManipulation
(FOAM) C++ ComputationalContinuumMechanicslibrary [4], developedby theau-
thors.

Theproblemis solvedontwomesheswith andwithoutthemismatchonthecontact
surface.Theresultfor themeshwith 2400CVs is shown in Fig. 5. Themostnotable
consistency checkis the continuity of the σyy iso-linesacrossthe contactboundary,
which is satisfactory. Also, full symmetryof thesolutionis preservedalthoughit was
not enforced.Thecalculationconvergedby six ordersof magnitudein 241iterations,
or 24� 7s on anSGI Origin 200workstationwhenboundarieswerematchedand329
iterations(41� 2s) for mismatchedboundaries.

Distribution of the normalstressalongthe contactsurfaceis given in Fig. 6 and
shows adequateaccuracy of force transfer. The wigglescausedby interpolationfor
mismatchedboundariesarerelatively smallandthesizeof contactsurfaceis realistic
whencomparedwith theanalyticalsolutionfor a largedomain(5� 5mmvs.5� 7mm).
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U
1e-06 0.00016 0.00032 0.00049 0.00065

σxx -7.4e+09 -3.8e+09 -1.3e+08 3.5e+09 7.2e+09
σyy -2.8e+09 -2e+09 -1.2e+09 -4e+08 3.8e+08

σxy -1.5e+09 -7.6e+08   0 7.6e+08 1.5e+09
σeq 1.5e+05 1.8e+09 3.6e+09 5.4e+09 7.2e+09

Figure5: Cylindricalbodyin contact:solution.
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(b) Arbitrary match.

Figure6: Normalstressoncontactsurface.
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5 Summary and Futur eWork

This paperpresentsthe solution algorithm for the contactproblemof linear elastic
solidsin theframework of thesecond-orderFiniteVolumediscretisation.Themethod
reliesonequationsegregationanditerativesolvers,whichallows for naturaltreatment
of non-linearities.Theperformanceof themethodis consideredsatisfactory, both in
termsof accuracy andcomputationalefficiency. In future,themethodwill beextended
to dealwith non-zerofriction andlargedeformations.
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