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Abstract

This papermpresentshe couplingalgorithmfor contactstresgproblemsof lin-
earelasticsolidsusingthe Finite Volume Method. The methodappliessecond-
orderaccuratealiscretisatiorandunstructuredneshesn a segregatedframevork
with explicit updateof the contactcondition, which allows for geometricflexi-
bility and efficient treatmentof non-linearity Specialattentionis givento con-
tact detectionandinterpolationalgorithmson arbitrary polygonalpatches.The
methodis testedon a 2-D contactproblemof a curved anda planarsurface.

1 Intr oduction

The driving force behindthe developmentof segregatedFinite Volume (FV) stress
analysisalgorithmsis the potentialfor dealingwith non-linearproblemswith only
a mamginal increasen computationakost. This classof algorithmsoriginatesfrom
ComputationalFluid Dynamics(CFD) and has several characteristiciot typically
associateavith themorepopularFinite Element(FE) algorithms.The key featuresof
the solutionmethoddescribedhereare similar to the well-establishedluid-flow FV
solvers.

e The computationadomainis discretisedn anarbitrarily unstructurednanney
wherethe ControlVolumes(CV) canbearbitrarypolyhedran 3-D. The“shape
function” usedin equationdiscretisations independendf the shapeof the CV
anddoesnot needto be known in advance,providing high flexibility in mesh
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generation. The vector propertiesare definedin the global Cartesiancoordi-
natesystemandthe solutionpointsarelocatedin the centroidsof the polyhedra
(colocatedvariablearrangement).

e Theequationsarediscretisedn the integral form over the CV andsolvedin a
sgregatedmanner where eachcomponentof a vector and/orary additional
transportequationsare solved sequentiallyand the cross-couplings lagged.
Discretisationis second-ordeaccuraten spacewhichis achievedby prescrib-
ing alinearvariationof thevariableacrosgshe CV andcreatesparsaliagonally
dominantmatriceswhich are largely identical betweenthe componentof the
displacemenvector

e Equationsgyregationallowsusto usememory-eficientiterative solversandpar
tial convergence.Theintermediatesolutionis usedto updatethe cross-coupling
terms,aswell asarny non-linearinteraction. The problemis solved whenthe
residualon all equationgiropsbelow a prescribedevel.

As a consequencef equationsegregation,evena linear model,suchasthatfor a
linearelasticsolid, is effectively “non-linearised*within the solutionprocedure Pre-
vious studieg[1-3] shav thata combinationof smallermatrices jterative solversand
partial convergencesufficiently compensatefor this effect. The advantageof segre-
gationbecomesbvious whenthe problemunderconsideratiorbecomesion-linear
asis the casehere:linearisationandexplicit updatesiaturallyslotinto the algorithm,
which is mostdefinitely not the casefor linear block solverstypically encounteredh
the Finite ElementMethod (FEM).

This paperdescribeghe solutionmethodfor contactproblemsin linear elasticity
asthe simplestexampleof non-linearityintroducedthroughboundaryconditions.As
the basiclinear elasticsolver hasbeendescribecklsavhere[3], we shall concentrate
on problemsassociatedavith contactboundaries.The objective of this studyis to lay
a foundationfor the FV contactstresssolver, which will subsequentiye extended
to includeothernon-linearphenomenatarge deformationsandmoving meshesnon-
linear constitutve laws and crack propagation.The useof unstructuredmeshesand
consisteng with therestof the setupis paramount- in somecasessimplerpractices
may exist, but precedenceés givento more general,albeit lessaccuratealgorithms,
whichfit into the unstructureaneshframework.

Therestof the paperis organisedasfollows: Section2 summariseshe mathemat-
ical model, equationsegregationand boundaryconditions,which is followed by the
descriptionof the contactboundarytreatmentn Section3. Our main concernis the
accurateletectionof contactareabetweenwo polygonalsurfacesandanappropriate
interpolationprocedure Thealgorithmis testedon a simple2-D testcasein Section4
andthe paperis closedwith a shortsummary
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2 Summary of Governing Equations

The steady-statéorce balancefor a solid bodyelementn its differentialform states:
—[o=pf, 1)

wherep is thedensity f is thebodyforceando is the stresgensor Thestraintensore
is definedin termsof thedisplacemenvectoru:

£= % [Ou+(Ou)T] (2)

andtheHooke’s law is usedto closethe system:
0 =2ue+Atr(e)l. (3)

Here,l istheunittensoranduandA aretheLamé’s coeficients,relatingto the Young's
modulusof elasticityE andthe Poissorsératiov as:

= W‘(El_v) planestress
u:2(1+\’)’ A= vE | inand3-D (4)
T2y Planestrainand3-D.

For cornveniencethe governingequations rewritten with u asthe primitive variable:
—[M[uOu + p(0u) '] — O(AD) = pf. (5)

Efficient segregateddiscretisatior]3] is achiezedby decomposindeqgn. (5) into maxi-
mumimplicit couplingandpurerotation,whichis lagged:

—B[(2p+2)0u] - B [W(0u) " — (p+A)Du+ Al tr(Ou)] = pf. (6)

implicit explicit

Boundaryconditionsusedin this studycanbe classifiedasfollows:
1. Fixeddisplacemenboundarieswhereall component®f u arespecified,

2. Tractionboundarieswherethe surfacetractiont = fi.o is given. This canin-
cludethespecificatiorof boththepressurg andatangentiaforce(eg. friction);
a specialcaseof this conditionis a free surface(t = 0). In numericalterms,a
tractionboundaryspecifiesafixedgradienton u:

t—AJu(0u) T — (u+A)0u] — AACeu

; (7)

wheren is the outward-pointingunit normal.

3. Planesf symmetryarediscretisedy imagininga “ghost” CV next to the sym-
metry planeasa mirror imageof the solutioninside.
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4. A contactsurfacerepresentsa specialtype of boundarycondition, wheretwo
situationscanoccur In theregion of contactthe normalcomponenbf traction
is transferredandthe relative displacementis adjustedto reflectthe force bal-
ance;for non-zerofriction, the additionalfriction force is calculatedfrom the
relatve motionof thetwo sidesandthe contactpressureQutsideof contactthe
boundaryis treatedasa freesurface.

3 Treatmentof Contact Boundaries

The compleity of the contactboundarytreatmenis two-fold. Firstly, the boundary
conditionon the contactsurfaceis a combinationof the Dirichlet conditionfor the
normalcomponentf u andthe fixed gradientconditionfor the tangentialkcomponent
in contact,anda fixed gradientconditionoutsideof contact. Secondly the extent of
the contactis not givenandrepresents partof the solution: it is calculatedrom the
relative displacemenivhichin turn depend®ntheforce balance Thenon-linearityof
the systemis causedoy the factthatthe boundaryconditiondependsn the solution
itself.

Mix ed fixed value — fixed gradientconditionsare not unusualin the FVM and
their implementationposesno major problems. The only curiosity hereis the fact
thatthe split is basedon the local normalandfurther complicatedby the possibility
of partial contact.This “direction-mixed” boundaryconditionis thereforespecifiedn
threeparts:the“boundaryvalue”,thenormalcomponenof whichis prescribedor the
contactpart,the“boundarygradient”,specifyingthe gradientconditionandthe“value
fraction”, indicatingwhich partof the surfaceis in contact.

Thecasesetupfor acontactproblemspecifiegshepair of potentialcontactsurfaces.
Numericalstability is achieved by prescribingthe direction-mixed conditionon one
side and the fixed gradientcondition on the other; the two boundaryconditionsare
updatedn unison.

Typically, the iterative procedurecauseghe two sidesto overlap, triggering the
boundaryconditionupdate.Thereremainsto be establishedvhich partof the surface
overlaps,basedon the geometryandthe currentdisplacementield. In the simplest
case the numberof faceson both surfacesis identicalandthe contactareacould be
calculatedfrom the relative displacemenandthe initial distance. This is, however,
unsatiséctoryfor two reasonsit imposesa strict limitation on meshgeneratiorand
returnsa binaryresult,i.e. a partial contactof two facescannotbe detected.We are
thereforeforcedto adopta moregeneralapproach.

Considera pair of surfacesin partialcontactFig. 1. In thefirst phasean“equiva-
lent” pointis foundfor eachvertex of sideA, eg. P andQ. Thedot-productof PQ and
thelocal normalnp givestheindicationandcontactdistancefor every vertex of A.

Assemblyof equialentpoint pairscanbe donein several ways, the simplestof
which is normal projection, Fig. 1. In orderto improve the monotonicity of inter-
polationfor curved surfaceswith variablegaps,the implementedmethodconstructs
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Figure1: Surfacesin contact.

Figure 2: Contactsphere. Figure 3: Polygonalareain contact.

the sphereof minimum radiuswhich passeshroughP andis tangentialto both sur
facesFig. 2. For apoint P, theunit normaln; andthe oppositesurfacedefinedby an
arbitrarypoint R andunit normalny, theradiusof the spherds givenas:

r=—-—>-— (8)

whereg = PR Theequialentpoint onthe oppositesurfaceis:
Q=P+r(h1—ny). )

Negativer denotesoverlappingsurfaces.

It finally remainsto determinethe contactareafor a generalpolygon, giventhe
surfacegapin all its vertices,Fig. 3. The contactareafractionis the arearatio of the
“contactpolygon” (shadedpandthe completeface.If all thegapsareof the samesign,
no further calculationis necessatyFor partial contact,a sub-polygonis constructed
from all verticeswith negative gapvaluesandedgentersectionsvherethegapchanges
thesignalongtheedge gg. G in Fig. 3. Thesurfaceareaof bothpolygonsis calculated
usingtriangulardecomposition.

Theremainingproblemis thetransferof face-basedatabetweerthe patchesFor
generality we shall usea two-stepinversedistanceweighting, wherethe datais first
interpolatedinto the verticesof the masterpatch,thentransferredvia the equivalent
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point pairsontothe slave vertices wherethefacevaluesarereassembledlhe areain
contactis calculatedseparatelyfor eachdirection. Althoughthis practicepotentially
introducesaninconsistengin contactareajt is moregenerahndthelevel of distortion
is acceptableaswill beillustratedbelow.

4 Numerical Example

The numericalexamplerepresentshe contactof a cylindrical segmentwith a plane,
schematicallyshovn in Fig. 4.

A T S O O A

fixed traction

contact pair

no—friction support surface

Figure 4: Cylindrical contactsurfacetestsetup.

A smalldomainhasbeenchoserdeliberatelyto capturethe effectsof finite dimen-
sions;a comparisorwith the analyticalsolutionfor a largerdomainwill be presented
elsavhere. Calculationsare performedusing the Field Operationand Manipulation
(FOAM) C++ ComputationalContinuumMechanicdibrary [4], developedby the au-
thors.

Theproblemis solvedontwo meshesvith andwithoutthemismatchonthecontact
surface. Theresultfor the meshwith 2400 CVsis shavn in Fig. 5. Themostnotable
consisteng checkis the continuity of the oyy iso-linesacrossthe contactboundary
which s satisfctory Also, full symmetryof the solutionis preseredalthoughit was
not enforced.The calculationcornvergedby six ordersof magnituden 241literations,
or 24.7s on an SGI Origin 200 workstationwhenboundariesvere matchedand 329
iterations(41.2s) for mismatchedoundaries.

Distribution of the normalstressalongthe contactsurfaceis givenin Fig. 6 and
shawvs adequateaccurayg of force transfer The wiggles causedoy interpolationfor
mismatchedoundariesarerelatively smallandthe sizeof contactsurfaceis realistic
whencomparedvith theanalyticalsolutionfor alargedomain(5.5mmyvs. 5.7mm).
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Figure 6: Normalstresson contactsurface.
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5 Summary and Futur e Work

This paperpresentghe solution algorithm for the contactproblemof linear elastic
solidsin theframework of the second-ordeFinite VolumediscretisationThe method
relieson equationsegregationanditerative solvers,which allows for naturaltreatment
of non-linearities.The performanceof the methodis consideredsatistctory bothin
termsof accurag andcomputationakfficiengy. In future,themethodwill beextended
to dealwith non-zerdriction andlarge deformations.

Acknowledgement

Theauthorswould like to thankDrs. C.J.Maroong andV. TropSafor their contribu-
tion in the developmentbf the methodology

References

[1] Demirdzic, I., Muzaferija,S.,andPeric, M.: “Benchmarksolutionsof somestruc-
tural analysisproblemsusingfinite-volume methodand multigrid acceleration”,
Int. J. Numer Meth.Engineering 40(10):1893-19081997.

[2] Demirdzi€, I., Muzaferija, S., and Pert, M: “Advancesin computationof heat
transfer fluid flow andsolid body deformationusing finite volume approaches”,
In Minkowycz, W.J. and Sparrav, E.M., editors, Advancesn NumericalHeat
Transfer volumel, chapter2. Taylor & Francis,1997.

[3] JasakH. andWeller, H.G.: “Application of the Finite Volume MethodandUn-
structuredMeshesto Linear Elasticity”, Comp.Meth. Appl. Medh. Engineering
2000: in print.

[4] Weller, H.G., Tabor G., JasakH., andFureby C.: “A tensorialapproacto com-
putationalcontinuummechanicaising objectorientatedtechniques” Computes
in Physics12(6):620- 631,1998.



