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ABSTRACT

In this study, flow simulation of the two-fluid system
with sharp interface and soluble surfactants is performed
using OpenFOAM, an object-oriented C++ library for
simulations in continuum mechanics. The Finite Vol-
ume method with moving computational mesh support
is used to implement an interface-tracking procedure,
where each fluid phase is associated with a separate
mesh which moves and deforms according to interface
motion. Mathematical model governing incompressible
fluid flow is solved on each moving mesh separately and
coupling is accomplished by enforcing the kinematic and
dynamic conditions at the interface. Surfactant adsorp-
tion/desorption at the interface is modelled using the
Langmuir kinetic law, while surface tension is calculated
from surfactant concentration at the interface using the
nonlinear Frumkin-Langmuir equation of state. Surfac-
tant transport along the interface is calculated using a Fi-
nite Area Method for discretisation of surface transport
equation on a curved and moving unstructured surface
mesh. The numerical procedure is used to simulate the
effects of soluble surfactants on the motion of a free-rising
air bubble in still water. The bubble of 2 mm diameter
is considered, where experiments show ellipsoidal bub-
ble shape and motion along a zig-zag and/or a helicoidal
path. Calculations are performed for a clean and con-
taminated bubble and the results shows good agreement
with available experimental data.

Keywords: finite volume method, finite area method,
moving mesh, interface tracking, soluble surfactants,
free-rising bubble.

INTRODUCTION

Behaviour of multi-phase systems with sharp interfaces
is significantly influenced by the presence of chemicals
that accumulate on the phase interface and influence its
properties. Surfactants (surface active agents) are sub-
stances whose molecules posses a bipolar structure, i.e.

polar (hydrophilic) head and apolar (hydrophobic) tail,
what cause their adsorbtion on the interface between the
polar (aqueous) and apolar (non-aqueous) fluid phases.
They are convected and diffused both at the interface
and in the bulk fluid and their presence at the interface
alters the interfacial tension, resulting in a highly non-
linear interaction between fluid flow and surfactant con-
centration. Therefore, governing equations of surfactant
transport at the interface and in the bulk must be closely
coupled with the flow equations.

Previous computational studies of the effect of sur-
factants using full Navier-Stokes model can be clas-
sified according to the applied numerical methodol-
ogy: volume-of-fluid method [Drumright-Clarke and Re-
nardy (2004), James and Lowengrub (2004)], Peskin’s
immersed-interface method [Lee and Pozrikidis (2006)]
level-set method [Xu et al. (2006)], and front-tracking
method [Zhang et al. (2006), Muradoglu and Tryggvason
(2008)].

This paper presents numerical methodology for simu-
lation of two-fluid system with a sharp interface and sol-
uble surfactant using interface tracking method based on
finite volume discretisation, moving computational mesh
and automatic mesh motion. Although such approach is
limited to moderate interface deformation with the con-
stant interface topology, it potentially offers highest ac-
curacy because interface is represented by the compu-
tational mesh boundary. Cases with large interface de-
formation can also be simulated using this approach by
applying local topological change in the mesh, including
surface break-up.

In the next section, the governing equations for two-
fluid system with the sharp interface and soluble surfac-
tants are described. After description of discretisation
for volumetric and surface equations on moving compu-
tational mesh using finite volume/area method, interface
tracking solution procedure is described. Finally, the per-
formance of the method is presented in a simulation of
motion of free-rising air bubble in clean and contami-
nated water.



6th International Conference on CFD in Oil & Gas, Metallurgical and Process Industries

SINTEF/NTNU, Trondheim, Norway
10-12 June 2008

MATHEMATICAL MODEL

In this study a two-phase fluid flow with sharp interface is
simulated using the Finite Volume method and a moving
computational mesh. On each phase, one defines a sep-
arate computational mesh which moves and deforms ac-
cording to interface motion. Mathematical model govern-
ing the isothermal flow of incompressible fluid is solved
on each moving mesh separately and coupling is accom-
plished by the enforcement of proper boundary condi-
tions at the interface.

Isothermal flow of incompressible Newtonian fluid in-
side an arbitrary volume V bounded by a closed surface
S is governed by the mass and linear momentum conser-
vation laws:

j[nv ds =0, (1)

5
d
Fril At dv + ?{np(v —vs)vdS
v 5
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= 7{& (nVv) dS — /Vp dv.
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where n is outward pointing unit normal vector on S, p
is the fluid density, v is the fluid velocity, v is the ve-
locity of S, p is the dynamic viscosity of a fluid and p
is the dynamic pressure obtained by subtracting hydro-
static pressure, pg-r, from the absolute pressure, where
g is the gravitational acceleration and r is the position
vector. The relationship between the rate of change of
the volume V' and the velocity v, is defined by the space
conservation law [Demirdzi¢ and Peri¢ (1988)]:

% av — %n-vs ds =o. (3)
v S

The formulation of the above mathematical model is
known as arbitrary Lagrangian-Eulerian formulation
(ALE).

If the fluid phases are immiscible, fluid flow equations
(1) and (2) can be applied for each phase separately, while
on the interface the proper boundary conditions must be
used. Relation between fluid velocities on the two sides
of the interface is determined by the kinematic condition
(Batchelor (1967)), according to which the velocity must
be continuous across the interface:

Vi = Va. (4)

Here, vi and va are fluid velocities at the two sides of
the interface.

From the momentum conservation law follows the dy-
namic condition, which states that forces acting on the
fluid at the interface are in equilibrium. From the normal
force balance follows the pressure jump conditions:

p2 —p1 =0k —2(pu2 — p1) Vs-v, (5)

where o is the surface tension coefficient, x = —V;-n is
twice the mean curvature of the interface, Vs = V—nn-V
is the surface gradient operator and n is a unit normal
vector at the interface which points from fluid 1 to fluid
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2. Relation between normal derivative of velocity at the
two sides of the interface follows from the tangential force
balance and reads:

p2 [0 (Vv),] = [0 (Vv),] =
= Vso —n(p2 — 1) Vv — (p2 — pa) (Vsv) n.

(6)

The surface tension gradient Vso will occur due to
nonuniform distribution of surfactants at the interface.
In this study, the surface tension is related to the sur-
factant concentration on the interface by the nonlin-
ear Frumkin-Langmuir equation of state [Edwards et al.
(1991)]:

a:ao+RTq>oo1n(1—i), (7)
q)oo
where o¢ is the surface tension of a clean interface, ® is
the surfactant concentration at the interface, @~ is the
saturated surfactant concentration, R is the universal gas
constant and 7' is the temperature.

The transport of surfactant in the bulk fluid of ar-
bitrary volume V is governed by the following integral
transport equation:

%/CdV—!—?{n(v—vs)C’dS
v 5

= f n- (DVC) dS,

(8)

where C' is the bulk surfactant concentration and D is
the bulk surfactant diffusion coefficient.

Governing equation for surfactant transport along an
arbitrary surface S on the interface, bounded by a closed
curve 0S reads:

d
X & dS+ ¢ m(ve —by)® dL
s as

(9)
= %m- (D, V:®) dL—i—/&p ds,
15 S

where m is the outward pointing unit bi-normal on 95,
vi = (I-nn)-v is the tangential component of fluid veloc-
ity at the interface, by is the velocity at which curve 0.5
moves along the interface, L is the arc length measured
along 05, D; is the diffusion coefficient of the surfactant
along the interface and s is the source/sink of surfactant
per unit area due to adsorption and desorption.
Transport of surfactant between bulk fluid and in-
terface due to adsorption and desorption process is de-
scribed by the Langmuir’s kinetics laws [Edwards et al.
(1991)]:
s$6 = ko [Cs(Poo — P) — D], (10)

where k, and [ are the parameters of the adsorption and
desorption kinetics, respectively, and Cs is the limiting
value of C at the interface. Normal derivative of bulk sur-
factant concentration at the interface is calculated using
following expression:

[n-VC] =322 (11)

inter face D
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FINITE VOLUME/AREA DISCRETISATION AND SO-
LUTION PROCEDURE

In this study, the cell-centred finite volume method
(FVM) is used for discretisation of bulk fluid models and
the face-centred finite area method (FAM) is used for
discretisation of surfactant transport model along the in-
terface. The finite volume/area discretisation is based
on the integral form of the conservation equation over a
fixed or moving control volume/area. The discretisation
procedure is divided into two parts: discretisation of the
computational domain and equation discretisation.

Discretisation of the computational domain

The discretisation of the computational domain consists
of the discretisation of the time interval and the discreti-
sation of space. The time interval is split into a finite
number of time-steps At and the equations are solved in
a time-marching manner. Unstructured FVM discretises
the computational space by splitting it into a finite num-
ber of convex polyhedral control volumes (CV) or cells
bounded by convex polygons. The cells do not overlap
and fill the spatial domain completely. Figure 1 shows a
sample polyhedral control volume Vp around the compu-
tational point P located in its centroid, the face f, the
face area Sy, the face unit normal vector n; and the cen-
troid N of the neighbouring CV sharing the face f. The
geometry of the CV is fully determined by the position
of its vertices.

Figure 1: Polyhedral control volume (cell).

The finite volume mesh must be adjusted to the time
varying shape of the interface. The deforming mesh
approach is used in this study where the internal CV
vertices are moved based on the prescribed motion of
the boundary vertices while the topology of the mesh
stays unchanged. The vertex-based automatic mesh mo-
tion solver developed by the authors [Jasak and Tukovié
(2006); Tukovi¢ (2005)] is used for mesh deformation.
Here, the Laplace mesh motion equation is discretised
on the composite polyhedral element using the Finite El-
ement Method (FEM). In order to control mesh quality,
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the variable diffusion inversely proportional to the dis-
tance from the moving boundary is used with the Laplace
mesh motion equation.

The polygonal cell faces which coincide with the in-
terface constitute the Finite Area mesh on which the sur-
factant transport equation is discretised. Figure 2 shows
a sample polygonal control area Sp around the compu-
tational point P located in its centroid, the edge e, the
edge length L., the edge unit bi-normal vector m. and
the centroid IV of the neighbouring control area sharing
the edge e. The bi-normal m. is perpendicular to the
edge normal n. and to the edge vector e.

Figure 2: Polygonal control area.

Discretisation of volumetric equations

The second-order FV discretisation of an integral con-
servation equation transforms the surface integrals into
sums of face integrals and approximates them and the
volume integrals to the second order accuracy by using
the mid-point rule. The spatially discretised form of mo-
mentum equation (2) for the moving control volume Vp
reads:

d (ppvpV] . .
% + Y (g = pVy) vy
! (12)
=> pums(Vv)sSy + (Vp)pVe,
f

where the subscripts P and f represent the cell-centre
and face-centre values. The face mass flux rmy =
psng-vy Sy must satisfy the discretised mass conserva-
tion law while the face volume flux V; must satisfy the
discretised SCL, Eq. (3). Evaluation of volume fluxes
will be explained later in this section.

The face-centre values of all dependent variables are
calculated using linear interpolation of the neighbour-
ing cell-centre values. The exception is the face value of
the dependent variable in the convection term [v; in Eq.
(12)] which is calculated using the Gamma interpolation
scheme [Jasak et al. (1999)] which locally blends second
order accurate linear interpolation with the uncondition-
ally bounded upwind interpolation to ensure bounded-
ness.
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The face normal derivative ny- (Vv), in the diffusion
term is discretised as follows [see Jasak (1996)]:

—Vp
|d ul
Orthogonal contribution (13)

+ (= Af)(Vv)y,

Non-orthogonal correction

ng(Vv)r= AT

where Ay = Fig. 1. The orthogonal contribution

d;
df ng’
in Eq. (13) is treated implicitly, while the non-orthogonal
correction is explicit.

The face mass flux in the non-linear convection term
and the non-linear surface source term are treated ex-
plicitely after the discretisation, i.e. their values from
previous iteration are used.

The cell-centre gradient of dependent variables used
for the calculation of the explicit source terms and the
non-orthogonal correction in Eq. (13), is obtained by
using the least-squares fit [Demirdzi¢ and Muzaferija
(1995)], [Jasak and Weller (2000)]. This method pro-
duces a second-order accurate gradient irrespective of the
mesh quality.

The temporal discretisation of all equations is per-
formed by using the second-order accurate implicit three
time level scheme [Ferziger and Peri¢ (1995)] referred to
as the backward scheme. All terms of Eq. (12) are eval-
uated at the new time instance t" = t° + At and the
temporal derivative is discretised by using two old-time

levels:
Ov\" 3V —4v® + v
<§> - 26t ’ (14)
where v = v(t° + §t), v° = v(¢°) and v°° = v(t° — ot).

When Eq. (13) and Eq. (14) are substituted into Eq.
(12) and convection discretisation scheme is applied, the
discretised form of the momentum equation (2) can be

written in the form of linear algebraic equation, which
for cell P reads:

apvp + Z an vy =rp+ (Vp)prVp, (15)
N

where the diagonal coefficient ap, the neighbour coeffi-
cient ay and the source term rp can be find in Tukovié
(2005).

The mathematical model of fluid flow is solved using
segregated solution procedure where momentum equa-
tion is solved decoupled from the pressure equation. Dis-
cretised pressure equation, obtained by combining
discretised momentum and continuity equations, reads
[Jasak (1996)]:

V7L n n n
> (ap > ny-(Vp); S¥
Py

f

_ Znn. <HP(V7L)> qn
- f ap ; f

(16)

where
Hp(v") = _ZG/NVKT“FTP7 (17)
f

CFD0S8-09

and face normal derivative of pressure at the left hand
side of Eqn. (16) is discretised using expression (13). The
absolute mass flux /Y through the cell face f is calcu-
lated as follows:

f = prog: |:<%;’n)>f_ (Z_f)f(Vp) }Sf

(18)
Mass flux calculated in this manner will satisfy the dis-
cretised continuity equation if the pressure field satisfies
the pressure equation (16).

Demirdzi¢ and Peri¢ (1988) showed that failure to
satisfy the space conservation law (SCL) on moving
meshes introduces errors in the form of artificial mass
sources. It is also showed that temporal discretisation
scheme used for SCL should be the same as that for other
considered conservation equations.

Discretised counterpart of the SCL where backward
scheme is used for temporal discretisation reads:

3VE —AVE +V,
2— va =0. (19)

The difference between the cell volumes at consecutive
time-levels can be decomposed as follows:

VE—VE=> 4Vf, (20)
f
where 0V5" is the volume swept by the cell face f while
moving from its old position to its new position. Substi-
tution of Eq. (20) into Eq. (19) yields:
1 n o rn
g D (BOV) —aV) = V. (21)
f f
Hence, if the backward temporal discretisation scheme is
used, the cell faces volume fluxes are calculated using the
following expression:

. SV %
an:§_f_l_f7 (22)

and the discretised SCL is satisfied identically.

Discretisation of surface equations

Applying second-order collocated finite area method,
surfactant transport equation (9) can be discretised
on the moving control area Sp (see Fig. 2) as follows:

q)PSP z
me Vt
(23)
= Z Deme'(vq))eLe + (3<I>)PSP7

where the subscripts P and e represent the face-centre
and edge-centre values, and (bt)e = 0.

The edge-centre tangential velocity v: is calculated
using following linear interpolation formula:

(vi)e = (Te)" [exTr-(vi)p + (1 — ex) T-(vi) ] . (24)

where e, is the interpolation factor w_hich is calculated
as the ratio of the geodetic distances eN and PeN (Fig.
2):

(25)

er =

EE
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and Tp, Ty and T. are the tensors of transformation from
the global Cartesian coordinate system to the edge based
local coordinate system defined in Fig. 3. The convection
term in Eq. (23) is discretised using the Gamma interpo-
lation scheme [Jasak et al. (1999)] by taking into account
geodetic distances between the neighbouring control area
centres. The diffusion term is discretised using expression
similar to expression (13):

N — VP
me'(vs'l/})e - |Ae| 1/) w + ke'(Vs¢)E7
Lpn —_—
Non-orthogonal correction
Orthogonal contribution
(26)

where ke = m. — A, A, = —t=

teme
distance LeP and t. is the unit tangential vector to the
geodetic line PeN at the point e (see Fig. 3).

Lpn is the geodetic

Figure 3: Edge-based local coordinate system.

Interface tracking procedure

Fluid 1

Interface

_/Bubble
path R

. -
_________

Figure 4: Definition of the spatial domain for the
moving mesh interface tracking method applied for
free-rising bubble simulation.

Numerical modelling of two-phase fluid flow with a
sharp interface is performed using a moving mesh inter-
face tracking procedure. The computational mesh con-
sists two separate parts, where each of the meshes covers
only one of considered fluid phases, see Fig. 4. Two
meshes are in contact over two geometrically equal sur-
faces, S1 and S2, at the boundary between the phases, i.e.
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the interface. Each surface is defined by a set of bound-
ary faces, see Fig. 5, where each face 1f on the surface S;
has a corresponding geometrically equal face 2f on the
surface S2. Matching of the two meshes at the interface is
assumed in order to make the explanation of the interface
tracking method clearer, and is not required in general.
For non-matching meshes, a second-order invese-distance
weighted interpolation is used.

ny
Fluid 2

Fluid 1

Figure 5: Representation of the interface with the
mesh boundary faces.

Coupling of flow equations between fluid phases is per-
formed by applying adequate boundary conditions at the
boundary faces which define the side 1 and 2 of the inter-
face. At the side 1 the pressure p; and normal velocity
derivative n-(Vv); are specified, while at the side 2 the
velocity va is specified and normal derivative of dynamic
pressure is set to zero, n-(Vp)2 = 0. The boundary con-
ditions are calculated using the kinematic and dynamic
conditions as follows:

1. The value of dynamic pressure specified on the face
1f (see Fig. 5) is calculated from dynamic pressure
at the face 2f using condition (5) as follows:

pir = p2r — (p1 — p2) gr1y

= (or)1p — 2 (1 — p2) (Vs v)1y, @7)

where poy is the dynamic pressure at the face 2f
calculated by extrapolation from the fluid 2, and
riy is the position vector of the face centre 1f.
Surface divergence of the velocity vector (Vs-v)iy¢
at 1f is calculated using the surface Gauss integral
theorem [Weatherburn (1972)]. The procedure for
calculation of surface force (ok)1¢ is described later
in this section.

2. The normal velocity derivative specified at 1f is
calculated from the normal velocity gradient at 2f
using Eq. (6), as follows:

np(V¥)yy = 00 (L= mymy): [y (V)
o (Vo (Vv (28)

(p2 — 1)
+ ———2(Vsv),, ny,
101 ( )1f !
where ny = n;y = —nyy is unit normal of the
face 1f. Equation (28) is derived using identity
n-Vv +n (Vs-v) = (I — nn)-(n-Vv). Surface gra-
dient of velocity (Viv)iy at 1f is calculated using
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the surface Gauss integral theorem. Calculation
of the tangential surface force (Vso):y is described
later in this section.

3. According to the kinematic condition (4), the tan-
gential velocity component specified on 2f is trans-
ferred from 1f:

(Vi)ap = (Vi)is- (29)

Normal velocity component specified on 2f is cal-
culated from the condition of zero net mass flux,
(Thgf — pg‘/gf) = O, i.e.
."/
(V7L)2f - _S_2fnf7 (30)
2f

where ng is the volume flux of the face 2f. Since
the displacement of mesh points on the side 2 are
equal to the displacement on the side 1 of the in-
terface, uz; = ui;, the same is valid for the volume
fluxes of faces 1f and 2f:

ng :Vu. (31)

Specification of interface boundary conditions using
the above procedure is done at the beginning of each
outer iteration. In general, at the end of an outer iter-
ation, the net mass flux through the boundary side 1 is
different from zero, i.e.

(mff - P1V1pf) # 0, (32)

where i} is the mass flux through the face 1f and V7,
is the volume face flux. In order to correct the net mass
flux, the interface points must be moved to accomplish
the following volume flux corrections:

. p

- n . my .
Vip = (Viy = Vi) = —& = V. (33)

The interface points displacements are calculated based
on the procedure proposed by Muzaferija and Perié¢
(1997), where a control point lc is attached to the each
face 1f at the side 1 of the interface as is shown in Fig.
6. Corrected interface points position is calculated using
the following procedure:

1. Calculate the volume 5V1’f which face 1f sweeps on
the way from the current to the corrected position
in order to cancel the net mass flux:

(5V1,f = % Vllf At; (34)

where Vl'f is the volume flux correction for face 2f,
Eq. (33).

2. Using the above, displacement of control points in
the direction fi. is:

%

hie = ——dt—
te S{,f nll’f'flc7

(35)

where ST, and n? s are the area and unit normal
of the face 1f in the current iteration and fi. is
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the control point displacement direction. The new
corrected position of control points is calculated
according to the following expression:

r’fc = rzl)c + hllc f167 (36)

where r?, is the position vector of the control point
1c before correction.

3. The interface mesh point 17 is moved up to a plane
which is laid over the corresponding control points
using the least square method. The new interface
mesh points position is calculated using the follow-
ing expression:

Nii-(p — 1))
Niy;-f1,

where fi; is the displacement direction of interface

points and Ni; is the unit normal vector on the
plane:

rf; =i, + fii, (37)

Gfl-wafrlc
_ Lf
|G- 3 wiiric|’
1f

and p is the position of the points at the plane,

Ny (38)

S wiiric
17

P= "= (39)
Zw%f
1f

Tensor G is defined by the following expression:

G = wafrlcrlc. (40)
1f

e interface points

o control points

Figure 6: Definition of the interface using control
points.

Calculation of surface tension

Regardless of the approach used for the tracking the in-
terface between the phases in a multiphase fluid flow,
implementation of surface tension is always demanding.
Unphysical fluid flow called ”parasitic currents” will arise
around the interface as a consequence of inaccuracy in the
calculation of surface tension forces. Parasitic currents
may be so strong to destroy the interface and break the
calculation.

Total surface tension force on a closed surface must
be identically equal to zero. This condition has served



6th International Conference on CFD in Oil & Gas, Metallurgical and Process Industries

SINTEF/NTNU, Trondheim, Norway
10-12 June 2008

as starting point for a derivation of novel procedure for
calculation of surface tension forces.

Let us assume the interface is discretised with un-
structured surface mesh consisting of arbitrary polygonal
control areas. Surface tension force acting on the control
area Say (see Fig. 7) can be expressed by the following
equation:

F{; = ?{ mo dL = Z/ma’ dL = ZaemeLe7
S Ay ¢ Le ¢

(41)
where 0. and m. are the surface tension and bi-normal
unit vector at the centre of the edge e and L. is the length
of the edge e. If the total surface tension force for each
control area in the mesh is calculated using Eq. (41),
then the total surface tension force for a closed surface
will be exactly zero if unit bi-normals m. for two control
areas sharing the edge e are parallel and have opposite
direction.

Figure 7: Control area Si; at the interface.

It remains to decompose the surface tension force F;
into the tangential component (Vio)1s used in Eq. (28),
and the normal component (ko)isnis used in Eq. (27).
Using the surface Gauss integral theorem, surface tension
force acting on the control area Siy can be expressed by
the following equation:

7= Vso dS —|—/ kon dS. (42)
Sy Sif

When the right hand side of Eq. (42) is discretised us-
ing the mid point role and the result of the discretisation
is equalised with the right hand side of Eq. (41), the
following expression is obtained:

1
(Veo)rs + (Ao)1y mug = o— - > oem.Le. (43)
1

Hence, the tangential component of the surface tension
force acting on the control area Siy is equal to the tan-
gential component of the right hand side of Eq. (43):

L

(Vso)ay = 57

(I—nAanf)~ZJemeLe, (44)

e
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and its normal component is equal to the respective nor-
mal component:

1
(KO’)Afl’lAf = S—(nAanf).ZUemeLe‘ (45)
Af .
If the surface tension coefficient is constant (o = const.),
Eq. (44) will give zero tangential component of the sur-
face tension force if the normal unit vector of the control

area Sy satisfies the following equation:

1
Rifnif = S_lf ZmeLey (46)
or, if K1y # 0:
> mcLe.
ny = m. (47)

With Eqgs. (44, 45 and 46) we shall formulate a proce-
dure for calculation of surface tension force which ensures
that total surface tension force on a closed surface will
be exactly zero. Unfortunately, fulfilment of this condi-
tion is not sufficient for successful application of surface
tension forces in the calculation. Specifically, unphysi-
cal fluid flow near the interface arise due to local (rather
than global) inaccuracy in the calculation of surface ten-
sion forces.

From Eq. (41) one can see that the accuracy of surface
tension force calculation depends on the accuracy of cal-
culation of bi-normal unit vector m. which is calculated
using the following expression:

me—éx Mt (48)

2
where € is the unit vector parallel with edge e, and n;
and n; are the interface normal unit vectors in points 4
and j (see Fig. 7). Using Eq. (46) and (48) one obtains
the exact value of curvature of the control area Si; if
points of the control area lie on the surface of the sphere.

Solution procedure

Based on the described interface tracking method, one
can now define the solution procedure for the Navier-
Stokes system on a moving mesh, which may be used for
simulation of two-phase fluid flow with the interface. The
procedure consists of the following steps:

1. For the new time instance ¢ = t", initialise the
values of all dependent variables with the corre-
sponding values from the previous time instance;

2. Define the displacement directions for the interface
mesh points and the control points;

3. Start of outer iteration loop:

(a) Update pressure and velocity boundary con-
ditions at the interface;

(b) Assemble and solve the discretised momen-
tum equation (12) on the mesh with the cur-
rent shape of the interface. The pressure
field, face mass fluxes and volume fluxes are
used from the previous (outer) iteration;
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(c) The velocity field obtained in the previous
step is used for the assembly of discretised
pressure equation (16). After the pressure
equation is solved, the new absolute mass
fluxes through the cell faces are calculated.
Net mass flux through the interface is gener-
ally different from zero;

(d) In order to compensate the net mass flux
obtained in the previous step, the interface
displacement is calculated using the interface
points displacement procedure define in pre-
vious section;

(e) The interface points displacement is used as
a boundary condition for the solution of the
mesh motion problem. After mesh displace-
ment, the new face volume fluxes are calcu-
lated using the current points positions and
the position from the previous time instance;

(f) Convergence is checked and if the residual
levels and the net mass flux through the in-
terface do not satisfy the prescribed accuracy,
the procedure is returned on step (a).

4. If the final time instance is not reached, return to
step 1.

The efficiency of the above described solution proce-
dure can be substantially increased if only the interface
mesh points are moved in step (e) instead of moving all
mesh points. In that case, the entire mesh is moved be-
fore the start of outer iteration loop, according to the to-
tal interface displacement obtained in the previous time
step. Thus, the mesh motion procedure is performed only
once in each time step, and overall procedure is more sta-
ble because the volume fluxes of the cell faces which are
not in contact with the interface remains constant dur-
ing the SIMPLE procedure. This approach is possible in
the case when the magnitude of the interface mesh points
displacement is less then the thickness of the cells near
the interface. This condition is usually satisfied when
time accuracy of the results is required.

Conservation of volume

Volume conservation condition of the considered incom-
pressible fluid phases depends on the satisfaction of kine-
matic condition at the interface. For the interface track-
ing procedure used in this study, volume conservation
depends on the condition of zero net mass flux through
the interface. Net mass flux through the interface can
be reduced to an arbitrary level if a sufficient number of
outer iterations is performed.

When the incompressible fluid phase 2 (see Fig. 4)
is bounded by a closed boundary (without inlets or out-
lets), gradual reduction of the interface net mass flux
during iterations can cause problems with the solution of
the pressure equation. Specifically, on the 2 side of the
interface belonging to phase 2, the normal derivative of
modified pressure is zero and the velocity and mass flux
are specified to ensure zero net mass flux through the
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side 2 of the interface, i.e.
mgf = szQf. (49)

Here, ng is volume flux of the face 2f at the 2 side of the
interface. Since fluid 2 is incompressible, in order to solve
the pressure equation, the total mass flux through the 2
side of the interface }_, 72y must be indentically zero.
While this total mass flux will converge to zero during
outer interactions, it will never be exactly zero. There-
fore, the corrected mass flux through the side 2 of the
interface is used in the pressure equation (16) as follows:

mgf = mgf — Wayr ngf7 (50)
2f

where m}  is the mass flux through the face 2f obtained
in the previous outer iteration and wsay is the weighting
factor defined to ensure the mass flux correction distribu-
tion proportional to the mass fluxes distribution at side
27

|rivs |

= — T p .
p f |ring f|

As the outer iterations advance, mass flux correction con-

verges to zero and it does not influence the solution.

Way (51)

NUMERICAL MODELLING OF A FREE-RISING
BUBBLE

The method for numerical modelling of two-phase fluid
flow with a sharp interface is defined with the final goal
to simulate free-rising air bubbles in water, in the range
of bubble diameter 1.3 — 6 mm. This is the flow regime
where surface forces have dominant influence as described
by Tomiyama et al. (2002). The bubble motion along
a zig-zag and/or a helicoidal path is accompanied by a
change of bubble shape.

Described interface tracking method is limited to
problems where moderate change of interface shape oc-
curs and there is no need to change mesh topology. This
implies that the bubble must stay approximately in the
centre of the spatial domain during the simulation. To
accomplish this, approach proposed by Rusche (2002) is
used, where the calculation is performed in a moving non-
inertial coordinate system whose origin is attached to the
centre of the bubble.

The spatial domain consisting of the bubble volume
and the volume of surrounding liquid is shown on Fig.
4. The origin of the non-inertial coordinate system o’ is
placed in the centre of the bubble volume. Its position
with respect to the origin o of the inertial coordinate
system is determined by the vector rr. The switch away
from a fixed to a moving coordinate system requires a
correction of the momentum equation and its boundary
conditions. One has to add the acceleration of the non-
inertial coordinate system ap on the left hand side of
momentum equation (2), where now v is the fluid ve-
locity in respect to the non-inertial coordinate system.
If a bubble is rising through a still liquid, the value of
fluid velocity specified on the outer boundary of the spa-
tial domain is equal to the negative value of the moving
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coordinate system velocity, v, = —vp. The velocity is
specified only on the part of the outer boundary through
which the fluid enters the domain; on the outlet part of
the boundary the zero normal derivative is specified for
pressure and velocity.

In the case when the effect of surfactants is considered,
the surface transport equation for surfactant concentra-
tion (9) is solved at the beginning of each outer iteration.
Newly obtained surfactant concentration field is used for
calculation of new surface tension field by applying the
surface equation of state (7).

Numerical simulation is performed for a rising air
bubble in still water. The properties of water and air
are taken at 20 °C. Radius of undeformed bubble is
r, = 1 mm. Radius of the outer boundary is twenty
times greater than the bubble radius, what is result of
compromise between mesh size and influence of the outer
boundary position on the solution. The initial bubble
shape is spherical. Interface mesh points are moved in
the direction of the interface normal from the previous
time step.

Figure 8: Section of a computational mesh for free-
rising bubble simulations.

A part of the computational mesh is shown in Fig. 8.
Mesh resolution is chosen according to the mesh sensi-
tivity study performed by Blanco and Magnaudet (1995)
for numerical modelling of axisymmetric bubbles of fixed
shape in the range of Reynolds number 8 < 1000. The
size of cells near the interface is 0.01 7, in the normal
direction and 0.04 7, along the interface. The mesh con-
sist 600 000 hexahedral cells, and the surface mesh on the
interface consists 9000 quadrilateral finite areas.

Free-rising air bubble in clean water

We shall first consider a case with chemically clean wa-
ter. The path lines behind the bubble are shown in Fig.
9. One can notice the existence of a double-threaded
wake which is symmetric across the y—z plane crossing
the bubble centre. This phenomenon is demonstrated by
the visualisation of bubble wake performed by de Vries
(2001).

Components of bubble centre velocity as a function of
time are shown in Fig. 11. One can see that steady state
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motion of the bubble is reached. The average rising veloc-
ity of the bubble is v. = 0.325 m/s. de Vries (2001) [also
de Vries et al. (2002)] performed the experiment with the
air bubble of radius 7, = 1 mm in purified water. In the
typical experiment the measured average rising velocity
is v, = 0.316 m/s. The bubble moves along a zig-zag tra-
jectory in the plane which approximately coincides with
the z—z coordinate plane. This is in agreement with the
experimental results obtained by de Vries (2001).

N 0.654
\ 0.491 ”
N
0327 |
\ 0164 | |
0.001

Figure 9: Path lines behind the rising 3-D air bubble
in still water for clean bubble surface.

Free-rising air bubble in contaminated water

Finally air bubble rising through the water contaminated
by surfactant is considered. At the beginning of calcula-
tion, volumetric concentration of the surfactant in wa-
ter is uniform and amounts C' = 0.01 mol/m?®  while
the interface is clean (& = 0 mol/m?). Surfactant has
the following properties: saturated concentration ®., =
5x 107°% mol/m?, surface diffusivity Ds = 5x 107°% m? /s,
bulk diffusivity D = 5 x 107% m?/s, adsorption coef-
ficient k, = 400 m®/(mols) and desorption coefficient
6 = 0.3 mol/m?.

Fig. 10 shows the velocity field and bulk and surface
surfactant concentration in the z—z plane crossing the
bubble centre.
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Figure 10: Flow field and surfactant concentration
for bubble with contaminated interface.

Components of bubble centre velocity as a function of
time are shown in in Fig. 12. The bubble moves along a
helicoidal trajectory. The rising velocity is approximately
constant with time and amounts to v. = 0.25 m/s, 15 %
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less than the average rising velocity with a clean surface.

Deformation of contaminated bubble is substantially
lower than deformation of the clean bubble. The ratio
between major and minor semi-axis of the bubble is 1.38
for the contaminated bubble, and 1.95 for the clean bub-

ble.
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Figure 11: Velocity of the bubble centre as a function of time for clean bubble.
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Figure 12: Velocity of the bubble centre as a function of time for contaminated bubble.

CONCLUSION

Interface tracking method is developed for simulation of
two-fluid system with a sharp interface and soluble sur-
factants. Finite volume method is used for discretisation
of volumetric transport equations on a moving computa-
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tional mesh and finite area method is used for discretisa-
tion of surface transport equation on curved moving sur-
face mesh. Method is applied for calculation of free-rising
air bubble in clean and contaminated water. Result show
good agreement with available experimental results.
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