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Abstract

The purposeof this paperis to describea nev methodof convectiondiscreti-
sationspecificallydevelopedfor interfacetrackingproblems.The discretisation
schemads basedon the NVD-diagramwith the specialattentionto the compres-
sive characteristicsequiredfor interfacetracking. The limitation on the maxi-
mum CourantnumberhasbeendiscussedTwo testcaseshave beenselectedo
illustratethe behaiour of the schemén oneandtwo spatialdimensions.

1 Intr oduction

The interfacetrackingproblemin computationafluid dynamicsrepresents very in-
terestingareaof researchThe equationthatneedgo be solvedis the Iconalequation
1:
oy
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wherey is thescalarfield which describesheinterface,U is thecorvective veloc-
ity andS is the propagatiorspeedf theinterfaceitself.
Thisequatiorcanbemodifiedin orderto recognisehefactthattheinterfacemoves
with theinterfacevelocity which consistsof the convective velocity andthe propaga-
tion velocity of theinterfaceitself (hormalto theinterface). Theinterfacevelocity Ut
is definedaccordingto 2.

Ur=U+S (2)

Theinterfaceunit normalf canbe calculatedrom the g field as:
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Theequationl cannow berewritten as
0
a—Ltp +U7.0p=0 (4)

From the form of the equation4 it can be said that § is a boundedand non-
consenrative property Examplesfor sucha propertycould be the indicatorfunction
(taking only valuesof 0 or 1), void fractionin two-phaselows or regressvariablein
comhustion.

Theboundednessf Y shouldbealsopreseredin thediscretisedorm of theequa-
tion 4. If thevalueof ) exceeddts naturalboundst is usuallyimpossibleto continue
thecalculation.

Problemswith the discretisationof the modified form of the Iconal equation4
couldbe summarisedsfollows:

¢ thediscretisatiorpracticeshouldnot “dif fuse” theresolutionof theinterface,

e it is essentiato presere boundednessf .

Theresultsobtainedby trackingthe interfacewith the discretisatiorschemewith
no numericaldiffusionarenot satisctory Spuriousoscillationsin thevicinity of the
interfaceviolate the boundson | andthe solutionis unacceptableThe boundedness
of Y is not presered.

2 Alter native Treatmentof Numerical Diffusion Prob-
lem

Fromthediscussiorin the previous sectiononecould concludethatit is moreimpor-
tantto presere the boundednessf Y thanto insiston very sharpresolutionof the
interface. This enablewus at leastto continuethe calculation. If a proceduréor “re-
construction”of the sharpnessf theinterfacecould be devised,bothobjectvescould
be satisfiedsimultaneously

The basicinterface-trackingprocedurethat could be considereda basisfor this
analysisis the explicit VOF method[1]. This methodis basedon donoracceptor
cell arrangemenand canget quite complicatedn multi-dimensionahon-orthogonal
meshesThemaindisadantageof this methodis thatit triesto aligntheinterfacewith
themeshlines.

The analysisof the VOF methodcan pinpoint the reasonfor this alignment: the
methodcanbe describedasthe simple combinationof upwind anddownwind differ-
encing. This enablest to presere bothboundednessf Y andsharpnessf theinter
face. On the otherhand,upwind and downwind differencingare strongly dependent
onthedirectionalityof thegrid andwill alwaystry to alignthe solutionwith it.
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Oneof the possiblemodificationsof the methodwould be to introducea scheme
whichis notbasedourelyon upwindanddownwind differencingbut canalsotake into
accountdifferencesn the “sharpness’of the profile. This might soundcompletely
unnecessarif onethinks aboutthe form of the expectedsolution of the equation4
(sharpinterface). On the otherhand,onehasgot to have in mind thatthe interfaceis
not necessarihalignedwith the mesh,resultingin afinite gradientover the interface
(asaconsequencef thediscretenatureof the solutionon the computationagrid).

2.1 Boundednes<riterion - NVD Diagram

Thebasisfor thedevelopmenbf the new differencingschemas the Normalisedvari-

ablediagram.
Leonard[2] andGaslell andLau[3] shov thatthe boundednessriterionfor con-
vectiondifferencingschemesould be definedin the NVD diagram,shaving @; asa

functionof c~pc astheshadedegionin fig. 1, or with thefollowing conditions:

e for0< (~pc <1, (Npc is boundedelow by thefunction?pf = (~pc andabove by unity,
andpasseshroughthe points(0,0)and(1,1),

e for gc < 0 andq: > 1 ¢ is equalto qc.

Figurel: Boundednessriterionin NVD diagram

3 Inter-Gamma Differ encingScheme

From the NVD-diagram(fig.1), it could be seenthat the choiceof the differencing
practiceis moreor lessfreefor 0 < @c < 1. Thisis wherethe actualbehaiour of the
schemas determined.

The proposedlifferencingschemas describedy:
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e for qc <0, @c > 1= @f = @ to obey the NVD-criterion
e for % < (~pc <l= c~pf = 1to ensureghecompressie behaiour of thescheme.

e for 0 < A([)c < % thechangen chf will besimilar thethe changeproposedn the
Gammadifferencingscheme.The objectie is to createa smoothchangefrom
upwindto downwinddifferencingoverthisrangeof ¢c. In otherwords,blending
factory is changingn thefollowing way:

— @ = 0= y= 0 (Upwind differencing),
— @ = 1 = y= 2 (Downwind differencing),

orin termsof @s:

O = — 2@ + 3 (5)

Thenew differencingschemas shovn in NVD-diagramin fig. 2.

0 1 ~
1/2 CDC

Figure2: InterGammain NVD diagram

This schemeds expectedto presere boundednessf | andto give a reasonably
sharpresolutionof the interface. The explanationof the expectedbehaiour of the
schemecanbedividedinto two parts:

¢ in orderto presere boundednessa certainamountof numericaldiffusion is
introduced. The experiencewith otherdifferencingschemeshows thatthis is
inevitable. Thiswill naturallysmeartheresolutionof theinterface.

¢ in orderto reconstructhe sharpinterface,dowvnwind differencingis used.
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The specialtreatmenbf “smooth” profilesin the differencingschemas expected
to curethe problemsof alignmentof the solution(interface)with themeshlines.

At this pointit is necessaryo explain how andwhy the useof downwind differ-
encinginfluencegheresolutionof the sharpinterface.

The useof upwind differencingon the corvectionterm of the equationd will ef-
fectively introduceanothertermof the form [CLIMy W - obviously diffusion-like. This
term(whichis purelynumerical)will smearthe solutionasif thereexist anamountof
“real” diffusioncorrespondingo numericaldiffusionl .

Ontheotherhand,downwind differencingwill introducea similartermbutin this
casethe numericaldiffusion Ty is goingto be negative. Thatmeanghatthe problem
thatis actuallybeingsolvedeffectively includesan antidiffusionterm. This resultsin
sharpeningf all the gradientsn thesolution.

Oneshouldhave in mind thatthe negative numericaldiffusion of downwind dif-
ferencingwill not“cancelout” with the positive numericaldiffusionof upwinddiffer-
encing.As it will beshowvn laterbothschemesn conjunctioncanstill produceresults
thatarequite satishctory

3.1 Courant Number Limit

Whensimpleupwindor downwind differencingschemesireselectedor discretisation
of the corvectionterm of 4, the fluxeson the facesof the control volume guarantee
the the centralcoeficient will not be zero. In the caseof centraldifferencingon the
uniform meshthis coeficientis exactly zero. Therequiremenbn the Courantnumber
for centraldifferencingcomesfrom the condition of the diagonalequalnesf the
matrix.

In the caseof InterGammadifferencingschemethe situationis a bit morecom-
plicated: the choicebetweenupwind anddownwind differencingis not madejust by
checkingthedirectionof theflux. The choiceis actuallymadebasedooth on the flux
directionandthelocal shapeof the solution. This meanghatthe continuity criterion
is not enoughto guaranteehe existenceof the centralcoeficient. It often happens
(sayin 1D) thatoneof thefacesof the controlvolumeusesupwindandthe otheruses
downwind differencing. The resultis thatthe centralcoeficient from the corvection
discretisationcomesout to be zero and the sum of the neighbouringcoeficientsis
twice asmuchasin the caseof centraldifferencing.

It is easyto shaw thatthis resultsin the Courantnumbedimit of Co < % (compared
with Co < 1 for centraldifferencing).In multidimensionghe situationgetsevenmore
severeandit is usuallynecessaryo keepthe Courantnumberto belessthan%. At the
sametime oneshouldhave in mind thatthe lower Courantnumberresultsin a better
conditionedmatrix, lesssmearingandbettertemporalaccurag.

Having in mind the existing Courantnumberlimit, it might be interestingto con-
siderthe useof InterGammadifferencingschemen the explicit mode. In this paper
the possibility of explicit evaluationhasbeennegglectedbecausef the possibleprob-
lemswith operatorsplitting on arbitraryunstructureaneshes.



4 TESTCASES 6

4 TestCases
Two testcasehave beenselected:

e 1-D transportof the stepprofile

e transporiof asine-shapethterface30 degreesskew to themesh

4.1 1-D Transport of the StepProfile

Thetestsetupis a simpletransportthe stepprofile throughone-dimensionatiuct by
the prescribedrelocity field. Theresultis shovnin fig. 3.

Inter-Gamma, 1D step transport
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Figure3: 1-D teststepprofile transport

Fromtheraw datait canbeseenthattheresolutionof theinterfaceis smearedver
only two cells,whichis consideredcceptable.

4.2 Transport of a Sine-shapednterface

This testcasehasbeenselectedo testthe behaiour of the scheman morerealistic
circumstancestransportof a curved surfacethroughthe meshwith the velocity field
whichis notalignedwith themesh.

The purposeof this testis to seewhetherthe smearingof the profile getsunac-
ceptablylarge afterit hasbeentransportecbout30 cell sizesfrom its initial position.
Theideal surfacetrackingschemeshouldshov no smearingwhatsoeer, irrespectve
of how fartheinterfacehasbeentransported.

The setupof thetestcaseis shavn in fig. 5 togetherwith theinitial field of Y in
fig. 6. Theconsecutie positionsof theinterfaceareshavnin figs. 7 to 10.
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The smearingof the interfaceunfortunatelystill existsbut it is not assevereasin
the caseof someotherhigh resolutionschemeslt shouldbe notedthatthe problem
of alignmentbetweertheinterfaceandthe meshlinesis muchlessobviousthanin the
caseof the VOF method.

In orderto illustratethe problem,a similar testhasbeenperformedwith a larger
Courantnumber(Co = 0.3). Theresultis presentean fig 4.

ptb

Figure4: Problemof alignmentof interfacewith grid lines

Theproblemof interfaceto grid alignmentcannow beclearlyseen.Unfortunately
the only obvious solutionto the problemat this stageis to decreas¢he Courantnum-
ber Oneshouldhave in mind thatthis will not eliminatethe problemcompletely but
only postponat.
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Figure5: Testcasesetup

Figure6: Initial field

Figure7: Moving interfacei

Figure8: Moving interfaceii

Figure9: Moving interfaceiii

Figure10: Moving interfaceiv
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5 Conclusion

A simple discretisationpracticeenablingthe tracking of aninterfacewith an Eule-
rian approacthasbeenpresentedThe mainobjective in the developmentof the new
convectiondifferencingschemeproposedn this paperwasto keepthe boundedness
propertyof thevariablel) andatthe sametime to try to getasgoodresolutionof step
profilesaspossible. The new differencingschemas basedn the NVD-approachand
it hasbeenmadecompresaie by the useof downwind differencing.lt is applicablein
multidimensionsandon arbitraryunstructureaneshes.

The main disadwantageof the proposedifferencingschemes a severe Courant
numberlimit. Thisis a consequencef the compressie characteof the schemeand
cannotbe overcomeeasily Having in mind thatthe expecteduseof this differencing
schemes the tracking of the interface (transientproblem)the temporalaccuray is
usuallythe onedictatingmaximumCourantnumbersof about0.2.

Theexplicit versionof the proposedliscretisatiorschemas yetto betested.
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