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Abstract

Thepurposeof thispaperis to describeanew methodof convectiondiscreti-
sationspecificallydevelopedfor interfacetrackingproblems.Thediscretisation
schemeis basedon theNVD-diagramwith thespecialattentionto thecompres-
sive characteristicsrequiredfor interfacetracking. The limitation on the maxi-
mumCourantnumberhasbeendiscussed.Two testcaseshave beenselectedto
illustratethebehaviour of theschemein oneandtwo spatialdimensions.

1 Intr oduction

Theinterfacetrackingproblemin computationalfluid dynamicsrepresentsa very in-
terestingareaof research.Theequationthatneedsto besolvedis theIconalequation
1:

∂ψ
∂t
�

U � ∇ψ � S �∇ψ � (1)

whereψ is thescalarfield whichdescribestheinterface,U is theconvectiveveloc-
ity andS is thepropagationspeedof theinterfaceitself.

Thisequationcanbemodifiedin orderto recognisethefactthattheinterfacemoves
with theinterfacevelocity which consistsof theconvective velocity andthepropaga-
tion velocityof theinterfaceitself (normalto theinterface).TheinterfacevelocityUT

is definedaccordingto 2.

UT � U
�

Sn̂ (2)

Theinterfaceunit normaln̂ canbecalculatedfrom theψ field as:
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n̂ � ∇ψ
�∇ψ � (3)

Theequation1 cannow berewrittenas

∂ψ
∂t
�

UT � ∇ψ � 0 (4)

From the form of the equation4 it can be said that ψ is a boundedand non-
conservative property. Examplesfor sucha propertycould be the indicatorfunction
(takingonly valuesof 0 or 1), void fraction in two-phaseflows or regressvariablein
combustion.

Theboundednessof ψ shouldbealsopreservedin thediscretisedform of theequa-
tion 4. If thevalueof ψ exceedsits naturalboundsit is usuallyimpossibleto continue
thecalculation.

Problemswith the discretisationof the modified form of the Iconal equation4
couldbesummarisedasfollows:
� thediscretisationpracticeshouldnot “dif fuse” theresolutionof theinterface,

� it is essentialto preserveboundednessof ψ.

Theresultsobtainedby trackingthe interfacewith thediscretisationschemewith
no numericaldiffusionarenot satisfactory. Spuriousoscillationsin thevicinity of the
interfaceviolate theboundson ψ andthesolutionis unacceptable.Theboundedness
of ψ is not preserved.

2 Alter native Treatmentof Numerical Diffusion Prob-
lem

Fromthediscussionin theprevioussectiononecouldconcludethat it is moreimpor-
tant to preserve the boundednessof ψ than to insist on very sharpresolutionof the
interface.This enablesusat leastto continuethecalculation.If a procedurefor “re-
construction”of thesharpnessof theinterfacecouldbedevised,bothobjectivescould
besatisfiedsimultaneously.

The basicinterface-trackingprocedurethat could be considereda basisfor this
analysisis the explicit VOF method[1]. This methodis basedon donor-acceptor
cell arrangementandcangetquitecomplicatedin multi-dimensionalnon-orthogonal
meshes.Themaindisadvantageof thismethodis thatit triesto align theinterfacewith
themeshlines.

The analysisof the VOF methodcanpinpoint the reasonfor this alignment: the
methodcanbedescribedasthesimplecombinationof upwindanddownwind differ-
encing.This enablesit to preserve bothboundednessof ψ andsharpnessof theinter-
face. On theotherhand,upwind anddownwind differencingarestronglydependent
on thedirectionalityof thegrid andwill alwaystry to align thesolutionwith it.
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Oneof thepossiblemodificationsof themethodwould be to introducea scheme
which is notbasedpurelyonupwindanddownwinddifferencingbut canalsotakeinto
accountdifferencesin the “sharpness”of the profile. This might soundcompletely
unnecessaryif onethinks aboutthe form of the expectedsolutionof the equation4
(sharpinterface).On theotherhand,onehasgot to have in mind that the interfaceis
not necessarilyalignedwith themesh,resultingin a finite gradientover the interface
(asaconsequenceof thediscretenatureof thesolutionon thecomputationalgrid).

2.1 BoundednessCriterion - NVD Diagram

Thebasisfor thedevelopmentof thenew differencingschemeis theNormalisedVari-
ablediagram.

Leonard[2] andGaskell andLau [3] show thattheboundednesscriterionfor con-
vectiondifferencingschemescouldbedefinedin theNVD diagram,showing φ f asa
functionof φC astheshadedregion in fig. 1, or with thefollowing conditions:
� for 0 � φC � 1, φC is boundedbelow by thefunctionφ f � φC andaboveby unity,

andpassesthroughthepoints(0,0)and(1,1),

� for φC � 0 andφC � 1 φ f is equalto φC.

��
��
��
��
��
��
��

�	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
��	�
�
�	�
�
�	�
�
�	�
�
�	�
�

~
ΦC

Φf

1

1

0

~

Figure1: Boundednesscriterionin NVD diagram

3 Inter -GammaDiffer encingScheme

From the NVD-diagram(fig.1), it could be seenthat the choiceof the differencing
practiceis moreor lessfreefor 0 � φC � 1. This is wheretheactualbehaviour of the
schemeis determined.

Theproposeddifferencingschemeis describedby:
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� for φC � 0, φC � 1 � φ f � φC to obey theNVD-criterion

� for 1
2 � φC � 1 � φ f � 1 to ensurethecompressivebehaviour of thescheme.

� for 0 � φC � 1
2 thechangein φ f will besimilar thethechangeproposedin the

Gammadifferencingscheme.Theobjective is to createa smoothchangefrom
upwindto downwinddifferencingoverthisrangeof φC. In otherwords,blending
factorγ is changingin thefollowing way:

– φC � 0 � γ � 0 (Upwinddifferencing),

– φC � 1
2 � γ � 2 (Downwinddifferencing),

or in termsof φ f :

φ f �
� 2φ2
C
�

3φC (5)

Thenew differencingschemeis shown in NVD-diagramin fig. 2.
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Figure2: Inter-Gammain NVD diagram

This schemeis expectedto preserve boundednessof ψ andto give a reasonably
sharpresolutionof the interface. The explanationof the expectedbehaviour of the
schemecanbedividedinto two parts:

� in order to preserve boundedness,a certainamountof numericaldiffusion is
introduced.The experiencewith otherdifferencingschemesshows that this is
inevitable.Thiswill naturallysmeartheresolutionof theinterface.

� in orderto reconstructthesharpinterface,downwinddifferencingis used.
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Thespecialtreatmentof “smooth” profilesin thedifferencingschemeis expected
to curetheproblemsof alignmentof thesolution(interface)with themeshlines.

At this point it is necessaryto explain how andwhy the useof downwind differ-
encinginfluencestheresolutionof thesharpinterface.

Theuseof upwinddifferencingon theconvectiontermof theequation4 will ef-
fectively introduceanothertermof theform ∇� ΓN∇ψ - obviously diffusion-like. This
term(which is purelynumerical)will smearthesolutionasif thereexist anamountof
“real” diffusioncorrespondingto numericaldiffusionΓN.

On theotherhand,downwinddifferencingwill introduceasimilar termbut in this
casethenumericaldiffusionΓN is goingto benegative. Thatmeansthat theproblem
that is actuallybeingsolvedeffectively includesanantidiffusionterm. This resultsin
sharpeningof all thegradientsin thesolution.

Oneshouldhave in mind that the negative numericaldiffusionof downwind dif-
ferencingwill not “cancelout” with thepositivenumericaldiffusionof upwinddiffer-
encing.As it will beshown laterbothschemesin conjunctioncanstill produceresults
thatarequitesatisfactory.

3.1 Courant Number Limit

Whensimpleupwindor downwinddifferencingschemesareselectedfor discretisation
of the convectionterm of 4, the fluxeson the facesof the control volumeguarantee
the the centralcoefficient will not be zero. In thecaseof centraldifferencingon the
uniformmeshthiscoefficient is exactlyzero.Therequirementon theCourantnumber
for centraldifferencingcomesfrom the condition of the diagonalequalnessof the
matrix.

In the caseof Inter-Gammadifferencingschemethe situationis a bit morecom-
plicated: thechoicebetweenupwindanddownwind differencingis not madejust by
checkingthedirectionof theflux. Thechoiceis actuallymadebasedbothon theflux
directionandthe local shapeof thesolution. This meansthat thecontinuitycriterion
is not enoughto guaranteethe existenceof the centralcoefficient. It often happens
(sayin 1D) thatoneof thefacesof thecontrolvolumeusesupwindandtheotheruses
downwind differencing.The resultis that thecentralcoefficient from theconvection
discretisationcomesout to be zeroand the sumof the neighbouringcoefficients is
twice asmuchasin thecaseof centraldifferencing.

It is easyto show thatthisresultsin theCourantnumberlimit of Co � 1
2 (compared

with Co � 1 for centraldifferencing).In multidimensionsthesituationgetsevenmore
severeandit is usuallynecessaryto keeptheCourantnumberto belessthan 1

3. At the
sametime oneshouldhave in mind that the lower Courantnumberresultsin a better
conditionedmatrix, lesssmearingandbettertemporalaccuracy.

Having in mind theexisting Courantnumberlimit, it might be interestingto con-
sidertheuseof Inter-Gammadifferencingschemein theexplicit mode.In this paper
thepossibilityof explicit evaluationhasbeenneglectedbecauseof thepossibleprob-
lemswith operatorsplitting onarbitraryunstructuredmeshes.
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4 TestCases

Two testcaseshavebeenselected:

� 1-D transportof thestepprofile

� transportof asine-shapedinterface30degreesskew to themesh

4.1 1-D Transport of the StepProfile

The testsetupis a simpletransportthestepprofile throughone-dimensionalductby
theprescribedvelocity field. Theresultis shown in fig. 3.

Inter-Gamma, 1D step transport
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Figure3: 1-D teststepprofile transport

Fromtheraw datait canbeseenthattheresolutionof theinterfaceis smearedover
only two cells,which is consideredacceptable.

4.2 Transport of a Sine-shapedInterface

This testcasehasbeenselectedto testthebehaviour of theschemein morerealistic
circumstances:transportof a curvedsurfacethroughthemeshwith thevelocity field
which is notalignedwith themesh.

The purposeof this test is to seewhetherthe smearingof the profile getsunac-
ceptablylargeafterit hasbeentransportedabout30 cell sizesfrom its initial position.
The idealsurfacetrackingschemeshouldshow no smearingwhatsoever, irrespective
of how far theinterfacehasbeentransported.

Thesetupof the testcaseis shown in fig. 5 togetherwith the initial field of ψ in
fig. 6. Theconsecutivepositionsof theinterfaceareshown in figs. 7 to 10.
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Thesmearingof theinterfaceunfortunatelystill existsbut it is not assevereasin
thecaseof someotherhigh resolutionschemes.It shouldbe notedthat theproblem
of alignmentbetweentheinterfaceandthemeshlinesis muchlessobviousthanin the
caseof theVOFmethod.

In orderto illustratetheproblem,a similar testhasbeenperformedwith a larger
Courantnumber(Co = 0.3).Theresultis presentedin fig 4.

ptb

Figure4: Problemof alignmentof interfacewith grid lines

Theproblemof interfaceto grid alignmentcannow beclearlyseen.Unfortunately,
theonly obvioussolutionto theproblemat this stageis to decreasetheCourantnum-
ber. Oneshouldhave in mind thatthis will not eliminatetheproblemcompletely, but
only postponeit.
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Figure5: Testcasesetup Figure6: Initial field

Figure7: Moving interfacei Figure8: Moving interfaceii

Figure9: Moving interfaceiii Figure10: Moving interfaceiv
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5 Conclusion

A simple discretisationpracticeenablingthe trackingof an interfacewith an Eule-
rian approachhasbeenpresented.Themainobjective in thedevelopmentof thenew
convectiondifferencingschemeproposedin this paperwasto keepthe boundedness
propertyof thevariableψ andat thesametime to try to getasgoodresolutionof step
profilesaspossible.Thenew differencingschemeis basedon theNVD-approachand
it hasbeenmadecompressiveby theuseof downwinddifferencing.It is applicablein
multidimensionsandon arbitraryunstructuredmeshes.

The main disadvantageof the proposeddifferencingschemeis a severeCourant
numberlimit. This is a consequenceof thecompressive characterof theschemeand
cannotbeovercomeeasily. Having in mind that theexpecteduseof this differencing
schemeis the trackingof the interface(transientproblem)the temporalaccuracy is
usuallytheonedictatingmaximumCourantnumbersof about0.2.

Theexplicit versionof theproposeddiscretisationschemeis yet to betested.
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