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Open FOAM

Force and Moment Equations

If f O0; e0
1 ; e0

2 ; e0
3g and f O; e1 ; e2 ; e3g are two right handed coordinate systems,

inertial and non inertial respectively. If also O = CM (centre of mass), and if non inertial
coordinate system is aligned with eigen vectors of tensor of moment of inertia then:

� Force equation

m •x 0(t ) + D x _x 0(t ) + Cx x 0(t ) = f 0(t ); (1)

� Moment equation
_l = l � !!! + m ; l = J!!! (2)
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Open FOAM

Force and Moment Equations

If J 6= J (t ), and external moment has three parts: moment from springs, dumpers, and
moment coordinated in inertial coordinate system, then moment equation becomes:

J _!!! = J!!! � !!! + m _� + m � + L m 0
o : (3)

where L is rotation from inertial to non inertial system:

r = L r 0; LL T = I; det L = +1 (4)
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de Sparre Coordinate Rotation
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de Sparre Coordinate Transform

Rate of rotation of body !!! = _��� + _��� + _   , and its coordinate system, has a projections on
that coordinate system:
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or, non orthogonal to orthogonal transformation !!! = R(�; � ) _s is:
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Inverse, orthogonal to non orthogonal coordinate transformation _s = R � 1 (�; � ) !!! is:
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Open FOAM

Six Degrees of Freedom model

Since second order ordinary differential equation can be rewritten as two �rst order
differential equations, a six degrees of freedom model can be written as a system of four
vector ordinary differential equations:

�
_x 0 = v 0 (13)

�

_v 0 = �
D x

m
v 0 �

Cx

m
x 0 + f 0 (14)

�
_!!! = J � 1 �

J!!! � !!! + m _� + m � + L m 0
o
�

(15)

�
_s = R � 1 (�; � ) !!! (16)

m _� ( _s) and m � (s) they couple last two equations.
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Rotational Platform
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Open FOAM

Rotational Platform
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or:
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or compactly:

m _� = � D � !!! = � R(�; � )d� R � 1 (�; � )!!! (19)

Spring moments can be expressed accordingly:
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or:
m � = � R � (�; � )c� s (21)
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Finite Rotations

Given any skew-symmetric real matrix � = � � T , if transformation is applied:

L = ( I � �)( I + �) � 1 ; (22)

Q will be proper orthogonal matrix, that is QT Q = I and det Q = +1 . Inverse
transformation that produces skew-symmetric from a given proper-orthogonal is:

� = ( I + L ) � 1 (I � L ): (23)

� can be normalised with module of its axial vector 


 to obtain unit spin tensor and irs
axial vector:
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It also holds: tr L = 1 + 2 cos � , from which a rotation angle � can be calculated, so �nite
rotation vector is:

��� = � n (25)

Six Degrees of Freedom model – p.9/12



Open FOAM

Energy Equation

As composition of rotations is also rotation, rotation of a body, from inertial coordinate
system, in a new time step can be expressed as rotation in old time step rotated again
for rotation between steps:

L n = L � L o ; L � = L n (L o)T (26)

from which a �nite rotation vector between time steps, � � , can be calculated. Then
again, one can obtain mean value of ! by dividing it with � t . Moving mesh with mean
value ensures that �uid mesh do not drift from rigid body.
Energy equation for rigid body on platform is contained rotational and translational
kinetic and potential energy:

E = ( Ekin + Epot ) trans + ( Ekin + Epot ) rot : (27)

Potential energy of rotation has trivial potential, while potential energy of rotation is
obtained by integrating:

E = 0 :5(mv :v + Cx x :x + J!!!:! !! ) �
Z s

s=0
m � :d� (28)

By substituting d� with � � , energy can be summed up over all time steps.
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Example - 6DOF model

� m = 1 ; diagJ = (1 ; 1; 1)

� cx = 4 ; cy = 1 ; cy = 1

� dx = 0 ; dy = 0 ; dy = 0

� c� = 1 ; c� = 1 ; c = 1

� d� = 0 ; d� = 0 ; d = 0

� x (0) = (0 ; 0; 0); v (0) = (1 ; 1; 0);

� s(0) = (0 ; 0; 0); ! (0) = (1 ; 1; 0);
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Example - Two Cylinders in Fluid

� Re = 100 ; St(Re = 100) = 0 :162

� m = 0 :0315; diagJ = (1 e4; 1e4; 1e4)

� cx = 4 ; cy = 1 e10; cy = 1

� dx = 0 ; dy = 0 ; dy = 0

� c� = 1 e10; c� = 1 e10; c = 1 e10

� d� = 0 ; d� = 0 ; d = 0

� x (0) = (0 ; 0; 0); v (0) = (0 ; 0; 0);

� s(0) = (0 ; 0; 0); ! (0) = (0 ; 0; 0);
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